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f Chapter 6 ■;. ■ 




_4\'i:-.;-j>d',;.:-'''-i -r^' ''-^ ^>'- . u-y.; •^^,■•'^•5,■■■ 



/.Y.y^».\i6 ■■•i*'- 11- - ^ AcfdlWon of re'^X numbers .. ' Ever since f^rstj grade 
.\\7iM.'lM^e beentaddlrig nufnbers,. the.Tnumbei'B, ,of arithm^t'tc . ' Now we 



V wWiti^aUng wi'tn.a larger n^f ot habere,, the real .numbers. - our j-^' 

iVi,-!«!vr ' ■ ^ • . . 

>V:i:otig"r.exP_trlence^^ adding numbers .of .arlthmetip should quJcklXy; 

r'iglWvl?fi'i-4".pl,ue* as "to- ho^wei-add kansr realMijAmbers . v, ' t . ■ .• 
•T'^^ Vil'f^^^ consider -the prof lts'%and "loSses .of ^n ima^lifiary.lce 

' cWani v^ender du^ln'i.'hls; 10 days" In business;- ■ Jna'tead -of using ^ 
I : ■.black ^ft 'red' iiik, let. us uee.'.pdsktive numlae^^s tq_ represent p.ro|;^t/.i . 
^ aM negative numbers^, for 'loswes . ^ Then let u^ write .iwo cdlumns, ; 
o^ie for 'the description of. his business activities, and thglother •. . 

' • u. . ^ . ' i^ i' - . f - r • .. . ^- -^#,/ " ^ ,,- 

or tl^ arithmetic of computing ^s net income^ pver tw6-da^per- , • 




iV..lod#. , 

s 



( 



Business 



Arithm 



etic 



^ ■■ Mon; : \ Profit of $7 
» . Tuea. iProfit of°'$5 : 



t + 5 '^ 12, net l^ome* , 



'. - Wed.: • Profit of $6 

Thurs. : Los* of %k 
] (tire trouble) 



.i.f.,., . . . 



S + (-4) = 2, net Inc^e. 



">rll^ Loss of^^^ ^ 
— I ' (arfother tire) 

Sat,: Proflt'^of $4 



^s^4 ^ ^3, net Income 



^ ' -Sun. : Day of rest 



t^..:' jLoss of (c01d*4ay) 
' .f^. ^ ^ 



-8, 
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7V 



Tues.: Loss off ^V^tGOldeif) 

n^' , ^ 



'(-6} s -10, n^t incomat 



.f, ' These- accoiint^j Illustrate every- possible sum of i*eal numbers s 
^;'.the'^um, of^'two iosltlv&al' of a positive ^nd^ a negative^ qf two^ 
■ Aagatives'; and k sum, involi^lrig 0. ' Although at .iflrst. you^m^ght 

^prefer to thln^: of positives and negatives a^ galne^ and' losses, - 
" $oon you will' tegin^to^add resfl,-. numbers, themEfe^ves^' vi^hout ^pe- ^ 



feren^re to suoh an illustration. ^ By the way/ how4much ^dld the 
vendor gain "or/ lose durlng^^i^ buelnteiiB? \ 

With 'thlsl^ illustration ^f ^ ga;±ns^'and : loii^ee 4s guide j you ; 
should dee^d^-jhow to q'omplete the^. following: /; 



J 



0 

-3 



4 ' r 
(-1) = 



(.4) v (4) = 



cabe you we:re in any doubt, eojuld you resolve the question? / 
■:''^H''How 4id you thlpk abqfut it?-^ ' ^ . . — " ' ^ 



. ExertfiBes : 



la 



V « I* » 



.'^X^^'l. , If thg gains aM- losses- example has not made^cljSar how^we arp ;, ; > 



'V/ Agoing jbb'^use ^eal numbeijs in addltld^^* Vou should wo^k: oufe- 
-r%-^'-r- ■ ; -r -. ■ r 
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----^-^---r~- ; 

. 'some or tTia problems ^balow. If ^o^t have a^cleai* idea a.bout ; V v : 

' -"^^additibn^^^you >^ V 

t-A^ -fio^^ball team loatf= e-yards on thje first play and gained ;\ 

3 yards the s^oond piay .^ What waaVthe netkyarijage' on the 

■ V- ■■•^ , ^- \ ..V- .... ^ : ^- ■ T- . ' - ^ , ; 



J 1 















1^' 



' i:wo plays 



:..^IC^\^^^^^^ paid- Jlra. tha!|6o.* .he..Qwed^ but' J^fi .oollaeted Jti;iJ C~l;^Jl\ 

/V' 50<(i Al owed ^Im. ^'What is the net . Reault-' gf jQhn«3 t^wo , 



transactions?' 



(.c) Suppose yif agree that years Af,D. are represented by \\ 

positive numbers and^ years S^C. tieg&tLve number^;.! 
V . yI) If^ A wag bors in 450#B.C, and g was bprn l-QO^ 



1 



years 1-ater^ in what year'' was - B born? V / 
(2) If was born^ln I50 B.C. and D^.'was' borij^200 



years' earlle^^^ in what year-waa born? / ' ' 
w# (3) If / E ' ij^as born^ in 350. B.C. auid ' F was 150 years 

' ■ ^ ^ * ' ;' - ^ - ' ^ _ ^ 

■ " ■ earllW,: wheh was F born? . . . • " •■ - v- - .-^ 

(4) If ; G was botn^ ln;240 A.D.^ and H -^s bo^^'2Sp v : ; : 
. J years earlier^- when was H born?* ^ -'-rl 
{d) If a thermometer registers -15 degrees and^- the tempera^VA^ 
^'-v 'ture risel 10 degrees^- what does the thermometer then 

^eglatel*? What^lf the temperature had .risen 30 degrees 
^ J Instead? ^ . ' c- 



V 



1'= 



(te)^^ cPsrtalill stock --market prioe gained two points one day; 

* ' ' , -if ' \ ■ ' 

lost five -pol«t8. .the next day, lost two points the third' ^ 



dayg. ^.What was -Its net change? ^ • i 

, Jfj^ !L ^ 5 . ^ _\„ 



^(f). Miss Jo-nes lost .6 pounds during the i'lrst week of ker 

* dieting, lost 3:pourids^^the second week, ■ gained 4 pounds 
the .third we|^>- gained 5 pi^ujids the ^-ifst ^fk. What was, 
her net gain or lo^e? ' ^'/^ 























= 1 . , . , " P . . . . *i 

■ . - - ... , .4 .. .- 





' (iV ' Thd natlorral dabt eelllng was $300, billion, mn4 ' cdngrfess. 
voted to ^Lnc^fease .the ^debt celling by "fbo b^-lHon. .. Then 
What waa;^^^ o^llingJ? 



■.=17' *iai>^4'^ iiVA.*!.'- 



(h);. Raibre^ei^t North latitude witl^ positive n 




nd , South 



, ^^NlfLtitude. with negative/ , ' ' - I 

(iy C±Vy ^ A ' la at 4l^ N and' S' ^ is as? puth of k, . 

- (2.) .city h is at 30° S and . D. li 10° north oT. 

■ - vmef e D?' * , , / 

- > ,-■ ■ ■ ' ■ ■ ■. , . ' 

(3) ' City; E 'is at 15° S and . P Is 40° north of . E. 



■ , JJhere is' .P? . , ' ' ■ 

' ' , .... - ■ ■■■ - , - i ' . . . ■ 

{%) blty G lE at 15^ N ^and 



s 40 south of .0. 



■J 



2/. Pepfom the indicated operatipns on '"real ''numbers r 



(b) .4'+. ((-6^) |-_(-^"))' 
'(c) " (.4 ^1 (-6.)| 

(d) 3 + ,.((-2), 4 s) ^ 

(e) 2I (0 + (^:2)) 

(f) ((4.^) + -3.6) -+ 1,.,8 
is) ((-3) + .0).+ (-2.5) 



(h) * |-'2| + ,(-2) 

(i) , |3 + (-5)1 + 2 



k) 37) + (-23/ # 

(m) (-3.2) + ' ((-4.3) + 3.-0) 

■ (o) (-3). 4 ri-3i ^-^J ' 

\i) (6 + (-T)) + I -31 . 

■ (r) .(0 + r=3|) ||-41 + (-4) 



■ 9 



■X •■;>■. ■ ■ • ■ . ■ I,'- ■ ■ ' ■ ■ ■ ■: . • ' 

'';i '.v3. '' Tell In your own words what, yoix' do to" the two' given numbers 



-V 



Si:/^IJ-.,i.J,to -find their sum:. 



. : ;(a); 7 + 10 . \ . (d) ;;(»ip) + (^7) m , (-7) + 10^ 

; ; . (b) . 7 + (-10);. . im) ' 10 .+ 7. • ^ \(h) (-lo) + 7 

•(c) 10^ (f)"-(^^^^ . 't. 

if; In vi\hlGh, parts, of ^.problem 3 did you flo the addition JUet ae *^ 

. 5* -When one n positive and *the other; was _negf.tlve, how. 

. ^ . did you ; knoTs whether the sum was pMltlve or negative? ^ v 
. €, ' What could ydu always eay about the Btii^ when both numbers were A 

7 . Would talking about the absolute values , of these numbejrs be . 
. .. a convenience In talking about how you add them? ^ H6w would 
. s It help? As an example write the sum (-^10) 4- (-7) using ^ , / i 

. -V . . : -■- ^'^ — . . ■ ' , - . ^ ' ■ ^ . , ■. "■ V -v. \ / ■ . . ■ ^ ^ \ ^ ^' - ^ 

' absolute value signs : ^ g ' ■ 0 - ^ I f 

8^.^ Oah the sum of : two .real numbers 4ev#r be^^less than either one * 
_ ■ " of th.em?- . . . ' - ; , . . - . . i' • • 

9. ' If) one number is positive and the other is negative^ wl^t- do .'^ 
% you do ^wlth the^ absolute' value of each the 'riumbera to gat " / 
. . ^ the.' absolute value' of /their sum?. As an example^ .write the . 
.^sum^(^l&)^-+---7— uslhg-absoluAe— value--s^^^^^ 



erJc 



. j]^^ preceding exercises '^lave probably suggested that-lt w^ll 
. .not. be possible to define additlDn of real numbers in one simple - 
sehtOTce. ' If^ however, you have thought carefully about the 



f oiXdwlng def fiiitloii . 



e define, their 



• Defdriitlan:- '"^If , anrf b are real numbers, w 

^^ ^^^^ . ^ ^ j.^ a - and 't- are both' positive or zero-j th^ jum ' ^ 

. Is their* 3um as In. arithmetic , _ - . ' 

II. If a ''and b *are both negative, the sum Is the 

—i , . ■ : . - ■ - , 

negative of the Bum of their' abeolute values;,^ • . ; 

■ ^ III, If one of a arid b ie positive or zero and the ^ 

■ " ■ ^ ' - ' ^ - ' , ^- . 

' ottier Is negative/ thfe absoliite value of their sum j , 

^ lE the difference* of their absolyte values. Then, j 

. / if the Eum lE, not 0^ it Is positive or negative 

. ^ V : - aecordlng as the positive or the negative num^^ has ; 

' ' ■ the greater absolute value. . . - 

. Examples:- . Bo-^'h po*sltlve: ' 9 +, 20 ^ 29 'i 

■ ■ ' • - . ■ ' 

• Both negative: ''(-'9) + (-20)' = '-(9 + feo) = -29 . • ~' 

■ ' Orte posltiva ^nd-^ * " _^ ' ' - 

■ .'■ ,onm negative: (+9)-+" (-20) = -[20 - 9) = ^11 

* ' Negative because |-20j > |9i- ' 

' . . ' . : , (-9) ; (+20) = (20 = 9) = 11 

' Positive because |.20j//> |-9| - 

— — _ _ — : — (_=_9,)-+-- 9----0J — /. — ^ . — 1_ 



, . * -Zero- because |-9l - l9-l 

•' * ' '1 ' ' ' ■ ' ' ' ' ' 

Remember that the difference of ,two npn-negatlve numbers is the . f 
largpr^ minus the smaller if th'ey are different, and Is zero if i 
th^ are the game . • .. - ^ . . . . ; ' 



ERl( 




^t\l,s time :you ' have usedHhe sjmibolsr of valgdbr& enough /s^^^ 



iii^^tHit -you may find it* >conv.enierit, to .au&iariz'e ■ the .above ^ln vt-he: .i' .... 
,\.|£^OlloWlng fonrn (for the pase. )a| ,, ,« , ' . 



•'^v * ■••V ■ 



'i ! - , If , a and ^ tt E2?e real numb er s ^ 



and' 



If bottt 'are" posltlye' op . sfrro^ thf ir sum Is 



if -both are negative 



thtelr sum Is,' -'( |ai' + |b| )| 



1^ one Is^positlve or zero atnd'one. l,sV negative,, ■ : - ■ 

w ' r (l.a| -'' j.H } ir ' :a ii^ofaLtlvtfV 

..their- sum. Is," j :rr:-^y ■ -.^ ^ 

^ ' ' . ' |-(|al - |b|)4a^^ la- 'negative.; 



Try 'to .write tot sX^u^ I bp k 1®-! ^ ' " :^ . ; , 

' ' - ^\ ' ■ V"- " / . ■ ,r - ' ■ '^^ . • . " 

Whll^ deflnltion^useTul .as a basis for 

latei* .ideas about ad^tiott^ th^re fs i*^ason why:^y^ 

use. whatever viewpoint Is mo'st . oWfortabie f or :you ^hen you are/ 

IntereBted Just in finding a' synr of two reai;numbertf* ; To\.be. sure^^ 

however?^ thfit'^^^^u really -understanl^ the f ormal ;def lilitlon^ try- 

the following exercises,. - ' 




' Ixercises 6 ib;\ V . 

* 1/ In each of the following flnd^ the ,Bum/ first according to_ the 
. ' definition^ then bj;^^ whatever' method you find most convenient:' 



■I - --. 
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V (S) ;(.- |)+| ./ 



(c) 0 t> (-15) (!') 12 + 7 



(e) 18 + {^m^ ' ^ M 1 + (' 1)' 



2' 

V (f) i-ir) + T . ' (1) -200 1 (^smr ; . 

2, Try to write out partes 1 and II of the definition of addition 
- \ 4- Is - this a mora cjom 

form?. / 

3 - Given 'th#" set (0, -1, 2,- i), find the set S of all 

J,, sums of -pairs of elements of K, Is K cloped under ^ the 



operation" of addition? (Review the meaning o.f closure of a 
/ set under an operation before you Justify your answer.) 
^ Is the set of all real numbers closed under the operation of ' 

addition? 

IB" the set of ail negative real numbers closed under addition? 
^""^^ ^ Justify your answer, ^ 

. In the^ course of-a week the variations in mean temperature, fr^m 

- --^^y'y- _ v^.-^ . — . ^ . , 

^ the seasorfal normal of 71 were -7, 2, -3, 0^ 9^' 12, =6. What 
vf&pe the mean temperatures ^each day. What Is the sum of the 
variations ? , ^ 

7. Which of the following are 'true sentences? 

(a) ^. 0 = h ' / 

(b) -(|.= l;5| = lo!) = . 

; ' - (]^( = 3) + 5-5 + (=3) ■ \, 

• , _ (d) 4- (-6)) +6='4-+ ((_6)^^-6) , , 



13 
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• /(fl (-7) + ^-3)^i-^^ - |-f) + (-5))V+:3 

(g) ^ fe + (-2)) ^ (=6) + (=2) : ^ • 

(1) (-.3) + T - - ^ + (-7^ - ' ' 

8. For the following open sentences try to find a real number' 



which will make the aentence true- 

(h) ix +.(-4) = 6 
(1) (y + (-2)) +2^3 

(e) (.|)+.x=^| . (J) (3 + X) + (-3) = -1 

What Is the sum of • 

(a) 4 and -4? . , • . ' 

(b) -2 and -(-2)? , ' ^ 




ERIC 



(c) I and. I? 

(d) Pormulate a general rule" for the sum of a, »*imb4r and . 
Its opposite. '* 

10. If It is . known that x + (-2) a;nd -5 are the same number, Is 
it then true that (x + (-2)) + 2 and '(-5) + 2 are the same 
number? Why? § ' ' 

11. Translate the following English sentences into open sentences 
For exampieM Biil spent and earned 406 on • 
Wednesdasr, He couldn' t' remember what happened on Monday, but 
he had 30^ left on Wednesday night. What did he spend or 

' earn on Monday? 



4- 



J' 



If BilJ, spent or earned • x cents on Monday, then .■ ■ 
, ■ , X (-60) + 40 ,= 30. 

' This can be written ' . 

* (a) A atoc^k price lost 3 points in the morning^ and by. 

evening it 'was down a total of 7 points. What happened 
to the stock during the afternoon? ' 
- (to A^ter borroj/^lng $2^^ more-.£rom 'his .brother and . paying ^ $4 j . 
^backi^lm^/ound that he still Qwed his bromer $4. 
Tfliat was his^ ©rlgln"al debt to his brother? ^ 
(c) At the end of-^^the year the 'assets of 'a business ?lrm^ a^re 
$101,343 and the liabilities are $113^509. What Is thB 
balance? ' , ^ 

From a subma'rlne'^wfmerged 215 feet below the surface a 
^ro^et la fired which rises 3:, 000 feet. How far above 
sea Ifvel does the rocket go? . ^ 



^n all pur work with numbers in Earlier chapters we have 
made use of the number line in representing facts about numbers. 
Let us now go back\^ the business, venture of the. ice c,rea^ vendor 



and illustrate his net incomes over successive t^o day periods 



Mon, and Tues , 



t i i i 



" Wed . and' Thurg . ' 

I I ■ I I ' I ■ ■ ■ I i' i I I I I I 



O 7 12 

7 + 5 = 12 



O .2 ■ ' , 6 

'6 + ■(-4) = 2 



-10 



-4 



(.kr+ (=6) -10 ' • 

You should recall, of course, that to, add a positive number 
m move to the right on the number line. Now It should also be 
clear that to add a negative number we move to the left on the 
number line/ In what direction do we move to add 0 on the 
number line? This can be summarlzedi — — ' . ' ^ 

' To determine the sum a + b on* the reia number 1 In 1*^1^ start 
a-t and move | b j / , * 

» to the right, if b la positive, * 
; > _ to the left. If b is negative. 



Exercises 6 - Ic 



\ i 

otlO 



Which of the fQ/116wlng are true sentences? 

(a) 1-31 + 4 ^ ^7 

(b) (-2) + 5 < 6-+ (=4) 

(o) (-a:) + -0 < V . ■ 
(d), 6 + (-7) > |6 + (=7)1 

1=31 ^ 1(^3) + (=2)1 

(f) " (5 + |-2|).+ (-7) 0 
7 



II 



/ 



J 



J 



■ '^{g)*-(-3)^^^ i 1-3] + .1- 



7. 






Starting ^'^l^ point %th coordinate-,- move rl^ht 3, 
lift'^^Tief ^"^'Hght ' Q. '"loiaf Is the^ 00^ of the 

stopping point? J ■ . . . 

Find, the greatest of the numbers i .( -2) + (-3), - ((-2) 

t-3^ , (-2) +;3, 2 -*^C=3), |(=2) 4- 3| + is + ( = 3)1 



,6 - 2, Propertl^ea of Addltlo^ . We were careful to HeBcribe 
atjd list ^t^ proper^ties of addition we dealt with the humbera 



of^. arithmetic/^ Horn that we hav.e decided hot^T to add/real numbers, 
wejwant to verify that these "properties 4of .addition hold true for 
the^ real numbers generally. \ ' ^ " k » 

. We know that our -definition of addition^ Includes^ the. usual 
addition of ' number^ of arithmetic^ but we also want to ^be able tq { 

add as simply as -we could before. Can we still add r^l numbers 

^ \ - . ~ ^ ^ ^ ^. - /. 

in any order and group them In any way to sui,t our ; Qoriveniencf ? * 

-Jn-otiher words-, do the commutative- and associative. prpperJbi_es_of .„ 



laddltlon still hold true? If we are 



na associative. E 
Vble'to Satlsfl 



f y. ourselvee 



[that these properties do carry oirer to the real , members ^ then we 



are assured that the structure of (slumbers ii maltttainejoi as we 

Love from the aumbere of arithmetic to^ the real numbers. Similar 

^ - ■ - - ^ - ■ - - - - ^ ^- - * ■ 

q^uestlons about multiplication will come up later. 

Consider th<* followir^g true ^ntencesi 

(.5) + (-2)7= (r2) + (=5), 7 ^ (=4) ^ (,= 4) + 7, ' • 

3 + (-6) m (-6) 4- 3- What do we do to f^rm the sum (»5) + (-2)? 
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* (Sayflt ln^wbrds 0 ' "WJ^at do w^^^^^^ W f^rlfi- the ste^t-^l ^^^^^ 



. j^=^y two the " same ' number'? T ' 

you-dort^ form- 'the sum .7; ^4, the. sum (-=4). -h 7-"- 

JiSy i^^^^ same number? , V : 

' 'w'^:'.'; ' ■ . ' ■ ^ \ ^ .V' ■ ^ > . \ ^/- r 

rv "Ki D cover every possible qase^ pf a^ltlon 

■ " . . » ' . = ^ ' ^ . . . ' . ' ' ,\ . ^ _ ^ 

of real numbers? - If not, supply examples of the. missing, cases, \ 

' By now yov see^the points The sum^of any ffcwo re^^^;numb^s 

""^"IWTthe^same fdr^'elthe^ i^f -addition r^- Thlr^ls -^the - ^^-r 



Oommutatlye Property of Addition : , For any 



two real .nwnbers ^ a and b, ■ 

a + b'=.b+a. ^ 1 ' ^ 

ITOw It should seefi/^ ear that the^ sum of two numbers is defined 
wftriout regar^V to/whlbh of the. num^rs* Is^^ But: on . 

the numBer line , where addition -seems ^o depend on^ which number 
Is feaken first, the c^ormiu^tative propferty is not so obvious. 



_i_ I I I 1^1 j 'i^i t 1 I i I — I — t L i t I 



' 1 I ' ' ■ I ■ ' i I— J — I — I — I — I — i — U. 

f-4 0 3 7 



_'*Next, q'dmpute the following paits qf sums: 

(Vf^5)' + (-6), ^ ^ + (5+ (-6)). 
What do you observe a^out the results? 



/ 
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-t.:vV;" . ^ _ ^ ^ . _ . . ...... , . 

^ ^ ' V ' ije .© mariir morr exmpiea ; you. th^k th# same J, 

.lireauits jfoUlfl ,alTOy Agfln you*BhQuld see the pointy Vl^^ 




Asa&clatlve Property of Add^tflop ; For*any 



^ (a b) + c = a + (^+- c)^ 



/ 'hold true in si^veAl Instances It, Is not a, proof /tha^ ^eyy^ 

holtf'1:pu8 ^ every Instance* A.complet^e proof ^of tl^ prop|epti,es , 
can be given by applying the' p##ci3e def Inltlort of addition of 
real numbers to every possible case of th§ properties/' They^a^e 
' long'pr^fS^i especially of the assoclat^e pripftty.^ because 
/ there are miriy cases. We shall not take the jfclme to glve^ the- ' 

proofs^ but perhaps you may want to try th# ©ne for; the cdramuta- 

it ? - 

tive property, * ' / 

> The associative property ^assures us that In a sum of three 

ipeal numbers It doe an' t matter which adjacent pair ^^^^^^d first; 
It Is customary to drop the parentheaes and l^ave such sums In 
an' unspecified form^ such as 4 + (-1) 4-3^. 

''Another property of addition^ which is new for real- numbers 
and on^^hat we will flndvuseful^ Is obtained from the deflnl^qn 
of addl For example/ the def iriltlon " tBlls us tti^t 

m Oj that (-4) 4., ^-(-4)^ a 0. In general, , the sum of at number 
and Its opposite Is 0. We state this as the * 
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» - ■ ' J ' ' ■» t^'. •■-■■5 - - ■•■ , 1 - • I, ■ ■*SL^% 

.jv Mddl^fcon Wrop^jf^y o-f . Qpposltg'& t^ For 4very 
.,r?^al .n\)jinber ail > ' * . <. " ^ . 




4' ; : One i^ore 'proper'ty , that- stemf directly from ' the -deflnltton 



if** Addition PropeHy V For ^'1 very re^l 

. ^ . a 4- 0 ^ a , ' 



Make up ^sevmral .eicampies to lllustrs^te this the precadlhg 

proparty . ^ ^ 

; "To Complete our llat of basl*e propertleE of addltioh, con^ 
alder the. examples i ' ^ / ( . 



(Verify this.*) 



Y 



Since 15 +^(^8),. then ^ ^ (^7) f (l5 4^ C-Sft +'(^7)^ . 
^ (Verify ^this. ) Notice tha% sincf ^'4% (-5)" and "(^1)" are 
~ - names for the same ftumtfer^ >/e may add 5 to. this number and oBtfeCn 
"^4 +..(=5)^ +,5" and + 5" aa names for the same new numbel^, 

. Do you see. the polnt?^ ^call thlB the 'v » 

' Addition Property of Equality . For any ' : 

/real /numbers a ^/b, c^^ ' ' " 

■ ^ if a> = then a +.c = b+ c. 



Lft us make- use of these properties in some examples. 
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acampla iV .;\qomp^ (-5) + 7 4" 9= + (-12) + 5. A* 

5^ ,. - iriv^r aa6odi4tive prppertleB allow us fo re-.; 

VbrdeV ari.d gr%tip^^4^ in any^ manner for "addition. Tlliis 

• ) 



(-5^4^ 5 + (-te) + ((=5) -h^ V^7 ^ 9) + (-1-2^.' 



i 0 + if 
= 4. ■ ■ 



• • Notice that'it Is^useYul to ^rou^ opposlt'es If possible^ because 
their sum is .always -0. In fact; we could^rlte 

" . * * ' 16 +, (-12) .= (^ + 12) ( = 12) ' ' . ■ 

= 4 ^l&^'(,_12)) (Why?) 

4^ 0 „■ (Why?) 

Example^ 2. Determine the truth set br-fche open s.er^tehce - . 

Can you guess niombers which make -this sentende true?. If you 
~ — don^t" we'^it easll-y/ could ydu use properties of addition to 

help? Let us aee.^ I'f there ls_ a number x making the, sentence 
true (if the truth set is not empty), then ■ 



X + J- and -2 are the same number. 



i 



/ 



tet:iisiadd .-^^ to , this number; , then by the addltlo^ prpplrty 
jf equality we have e 

+ (= |) = (-2) +■ |). (Why did we add - |?) 
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' ^ * ■ < p .. ' ^ . ' ' .:: " ■ ''^ 

' ■■ ^ ' V . \» .• * . • 

. : . ^ W" . ■ ' ■ 

/ i ' ^ ■ ■ ■ •13. - ■ 

t -the open senteiiGfe ^"^z*^-**^, ; Now If a 

number x ^.makefe t^e original sentendp true^. i^^^so makes this 
new sentence true. Of this we are certain ^because.' we applied/ 

.^..........5 ..^.j^..^...,.....^...:.......^... . ...... ... ... ......... ... ... ..... . ... ... ... ...^ ^ 

propertlel which hold true for. all real numbers.,^* Does niake 
the original^ sentence true? Yee^ because { — ^) [^'^ ^ -2.- 

Here we have hit upon a very Important Idea, We have shown 
^that If there a ^JUioi^r x making thfe original sentence true, 
then the o^ly number x can be Is = The minute we check and 

" , ' find that - ^ does m^Lke the eentence true^ we have found the one 



and only 'ni;mt?fer which belongs^o the truth e'et 
Ecample 3. Determine the truth set of 



^5 4-1-^* % C'? 



If there Is a number x suph that the sentence Is true, then 



5 4- 2 = X 4- 0, 

7 » X. ^ ...» l_ 
If X ^ 7g then ^ ^ • 

the -left siae ■ Is ' 5 + | ;^ + I = ' ' ' ~^ ' ' ' ' ' 

the right side la x + ( .. i) = 7' + ( - i) = ^ + ( = "I) = 
Hence, the truth set is {7} . - ^ 



*j n 



; m^m^lBB 2 ahd 3 lliustpate -a tecttniqiie that we Will use 
^^ften in: ;math#maWfts,^^7^^^ properties of hianbers to 

opett aentenoes to obtain simpler open sentences , and then find 
the truth sets of the simpler sentenoes. The%e new truth sets . . 
"Often are the same as those of the original sentences^ as was 
the case in Examples 2 and 3 , ' 

Exercises 6 - 2a . , 

1. Tell why each of th^s. following aentencea is true. 
(Specify asaoclatlve, commutative properties, addition- pJ-o- 
perty of .0, or addition property o£ opposltes.) 

(a) 3- + ((-3) + 4) = 0 + 4 . . V ' ' 

^ . (b) -(5'+ (-bf) + 7 = '^=3) + 5)) + 7 . 

(c) (7 +' (-7)) 4-6.6 

(d) l^ll + |-3| ^ (^3) - 1" , 

(e) (-2) + (3 + HI)) - ^=2) f 3) + ; 

(f) (- 1-51) + 6si 6 + (-5) 

2. " Regroup' artd^ reorde^T the following to./©btaln the aunts in an 

easy way: ■ ; • 1 

ia) 7 4- (=2) ^= 2 

( b) I ^+ ( =3) + 6. +, I + ( -2) V ' \ . . 

(cj 253 + (=67) + (^82) f (-133) ' ' ' ' ' " 
; ■ (d), (-3) + 8 4^ 11 + (=5) ^ (=3) + 12 + (-4) 





it , (i) w +^(t&^'S) + t-w) 4^ 1 + (-3) ■ . ; 

3 *. Find the "truth set of each of the opert sentences !■ • 
(^Uee the techrilqiie of Examples 2 and 3 whereyer possible.) 

. ■ 

Xh) (-1) + 2 + e-3) = it + X + (-5) * - ' , , ^ 

(c) (x + sr 4*'x = (-3) + X 

(d) (-2)'+ X + (=3) = X + |) ' ■ • 

■ "'(e) |x| 4- (-3) = U |l 4- |) ^ ■ ■ 

(g) .X + .(-3) = \^^\ + (-3) • ' 

(h) (- |) + (x + |) - X ^^iK ^ i) V 

We have leaned heavily on the fact that the sum of a number ' 
and Its opposite Is 0, Let examine this Idea more edrefully* 

Two numbers whose sum is 0 arefeelated In a very special way, 

For example^ what number when addBd to 3 yields the sum 0? What 

number when .added to -4 yields 0? In general j if x and y are 
ft ^ 

'real numbers such that x + y = 0^ we say that y Is an additive 
inverse of xT . ' ^ 

A quick Inspection o^ the sentence x +^,y ^ 0 shows that If 
y m -X, then the sentencef is true. In other words, one additive 

' Inverse o^ x is its opposite 
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V Arfe there any ' ot^ additive inverses of af nu^er: ^^des 
its opposj^e?.^ we loiow.-th^re Is no other strange" inverse 

z diffe^ht from We. can quickly settlp this question by ^ 

applying the addition property of equality; If z is a number 
such that / ' ' - .. .. . • . . . 



then 



and 



and 



and 



(^xj T Cx V zT^-l^-^ (Why?r 

^(^x) + x^ + 2^ ^Xy (Why?)^. 

0 + 2 ^ (Why? J 

z = -X, (Why?)^ 



This result verifies what we suspeGted froin the beginnihg: 
The only additive inverse of a real number ... x is its opposltfe^. 

The preceding paragraph was probably a new experience for you 



Instead of showing that a specific number^ say,-4^'haB only.one. 
additive inverse we showed that each real number . x hap bnly 
one additive inverse -x. We did this by applying propertlee 
vrhich are true for eac_h' real number. The conclusion is important^ 
although we suspected it all along;^ the technique is important, 
because it enables us to show general properties for all re^.1 
numbers • ^ * ^ ■ ^ ^ 



: .L^t us look another* example -pf this, technique ^of ' showihg 
a^geiieral propepty* of numbers . We call this a proof ^ of ' the . 

: . ' • ; , =(3 ^ 5) = (-3) + (-5), 

are true^ aentences according to the definition of addition. 
(Verify this . ) Prom these examples we mlght^uel^s: * ■ ^ ^ * 

For any real numbers a' and b it is true that -(a + b) = 

Andther way ©f saying this ^is: The opposite of the sum of 
two numberfl is the sum of the opposltes of ,the numbers. What we 
have here .islll^-general statement relating the operations of ad» 
ditlon and taking the opposite. Again it is easy to show this 
result for ppeciflc numbers^ but is the result true for all real 
numbers? We rfason as follows- If we want to show that the 
opposite of a + b' Is (-a) + (-b)/ w% can do . this simply by 
showing that the sum of a + b and (-a) 4- (^'b) is ^0. Why? 
It is natural then to write down thife sum and show that it is d 
; (a + b) +^'(=a) (-b)) ^/a'+ b + (-a) + (=b) why? 
^ ■ , • ' ■ -r^ (a * (-a^ ^ (b +< (-b| Whjl? ■ 

= 0 + 0 Why'? 



. . : If ybu have given reasons for each step in the above proof, 
you see that >*e have given a general reeult for any real numbers 
^ ,^tcause we applied only properties which, are t.rue for kny refl 
..numbers.. This distinction between results for ipecific numtiers 
' and results for any" numblers is a distinction .between arithmetic 
an^ algebra. 



1. Find a numbei^ f or which each sentertoa Is^true; 

(b) (-2l + a..O , XS) (- (2 +|)) + a - 0 \ 

^__(c)__3_..4j„+^y^=__0jl:::lj^ (h) g- + ^ +.(-5) = 0 



(.d) X + (- |) - 0 , ^ (1) 3 + = 0 

\ (e). + 3 + +' c = q ^ . ^ . / 

2 For partB (b) and (h) ■ of -problem 1 show that the number / 

you found is the only one making the sentence true. , . ,/ . 
3.' Which of the following 'seritences are true for 'all real .numbers? 
(Bint: Remember that the opposite of the sura of two^numbere ^ 
isr-the sum of their opposites.) ^ / 

/ / (a) =(x + y) - (-X) ^ (-y) (e) . - (a + (-b)) = (-^') + b 

_ (b):_=x.= -(^xj (f) (a + (^b)) + (-a) = b. 

' (c) .(-x)'^-x - , (g) "-(x +:(-x)) = x^ \-x) 

(d) - (x,+ (-2^' = (-x) + 2 . , , 

--ift^Glvp4-proof--(^n-argume 

sentence-©^ -^H^^»^^e=i^o^aai=reAl^^ 



5. Di. the following proof, supply 'jiistlflcatlons for each . step,:. " . . 
For all numbers y and (-x) + + (-z)), = y + f _(x + zj) . -. 

Proof I (-x)'+ (y + (-z)j = (jx) +((-2:) + yj . * \ 

.. . . ^ - ((-X) + (iz)) + y 

. " ■ ^ ^ (x + z)) + y , ^ . ' 

6. - Using -the; definition of addition of real numbers/ prove^^the */ /r- 

addition property of 0* 

' ^ it i .... ' . . . . . . ■ . = . . 

\ £ - 3. Multiplication of real numbers ^ Now let -us decide 
hoVr we should multiply two real numbers All that we can say at 

...... . • ' . f ■ ■ ■ ■- . • , ■ _ - . ... : > 

present is that we know how to multiply twd positive numbers or 



; -Of primMy Import fence here is that we maintain the "struoture" 
of trie number systemV^We know that 1^ a^ c are any numbers of ^ 
arithmetic . vthen ^ ^ ^ " ^i^:^.^; . : 

., ' ab '= ba, ' ' . 

^ V (ab)a ^ a(bG)^ • 

. a(b + c) ^^fab + ac, • ^ / . ^ / 



(What namf s did we give ;to tb^se properties of mujtlpllottloh?) 
Now whatever meanlhg we t give to the product of two real numbers. 



■\. Le.t us consider some possible products; . . . 
. .(2)(3),f (3)(-2), (^-2)(-3), (-3)(0)/(0)(0), (3)(0). . , 

(Do these Include examplfi of every case of multiplication of real' 
^ numbers? ) We may Immediateiy . dispose of'^-l~bTrr^he sacoMf-third- 
. -" . a^ fourth axan^ > . . ' . 

\(2)(3) Je^ (o)(o) - 0, (3)(o) = o; . ^ ;^ 

r-::*i*Thl8 leaves the que^s^lons I ^ ^ • " . ^ ^ .* 

, (3)^2) ^ - (=2)(^- ?, (-3),(0)^^ ? . : \, 

The third"' flue St Ion must be answered ",(-3) (6).= 0" if we want the 
. multiplication . property of 0 to be true for -all rear numbers. _ 

. ■ - -- ■: - ■ ■ ■ .- ■ . ■ ■, ,, ■ ■■ -■ ■ V-- tt, : 

The remaining two questions 'can be answered as .follows:' , ^, ■ ■ 

" o-^ (3)(o) • ^ • - ~.. ' • '''' ■ 

; 0 s <3) (2 .+ (-2)) , by writing 0 ^ 2 + (-2) 

" .0 ^ (3) (.2) + (3) (^2), if the distributive property 
0 = 6 + (3) (-2). , ■ must hold for real numbers. 

Thus, if we want the properties ofNiiultipllcation to hold for 

.... .. .f . ^ J - - . - . . . : - ■ . . - , - - -^^ ^ ; * ^ ' ' * • ' ^ . 

real numbers, then (3) (-2) must .be vmy? ' ■'■ , . . ; ,; ■ 

- ^- ' . Next, we take a similar course, to answer'^lbf second question. 

0= (-2)(0), if the multiplication property of 

0 must hold for real numbersi 
- 0 « (-2) (3 + (-3))., by wr-lting , 0 ^ 3 + ( -3)| - ■ ' • 

" ;0 # {-2)(3) + ( -2) (-3), If the distributive . property must 

. ' hold fbr real numbers; ■ 

n , j. (-P)f-r^'lj If the commutative propgrty ^mu^^ 

; ' , , ... ■ hold for r eal numbers j . , 

0 ds (-6) + (-2)(-3), ' bj the previous result, 



■ V' ;,;^L: ■ . / . ■ ■ -.; , (3')(-2) -■.-ev,. .- 

:^Nbw h eome to a ^ point, where (-2 ) ( - 3 ) must; be, the oppoelt^ ^^ot.^^:-::^; 
';-^^6y h pf multlpileatlonvt]^^ 



real numbara^ then (-2) (-3)* must be 6, ' ^ ' - " * 

Redali that the product of two positive -numbers Is a si>osltlvfe 
number. Then what are th# values of 131 I sl^and j -2 j | -3| ? ' How 
ab: these ^ O0nf5?ar - Using the- ^ same reasons: 

Ing^ what; must; we mean ^ by (^3)(4)7 by (^5H-3)i by (0)<'-2)t^ v 
Compare (^3) (4) ana!--{ )^-3|i 4 1 ) ^ \ 
■ : This -is >the^ ftlnt w^^ needed . If wtf want th^ etructur^e; of- the \ - 
number system t^o be the eame for real numbers It was for the 
nunibers of arithmetic ^ ^e must define thr product of ^two . real ; ^ 
numbers a and b as fbllpws t ^. ' 



If a and b are both negatlva or 
non-negative, then ab = ^| |b| * 
^ If one of the numbers / a and- b Is 
positive or zero and t^e other Is negp^tlve, 
: : ; then V ab ^. Ia| |;b| ) . '-^ 




: It :1s Important to recognize that | a | : and: | b | are numbers of 

arlthmetlQ for any real numbers a. ahd b , (Why? ) Tlms^ the 
product |a| |b| la a •positive number^; and we obtain the prdduct 
ab as either* |a| |b| or Its oppoBlte. it will help you to remem^ -. 



7; 
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The peoduot-of two positive numbers Is 
' The product ot two negative numbers is a_ 



number . 



nuAber. 



The product of a negative and a positive number Is a / v 
^" ' — ^^unrbe r, — — — — — — — ~ — — ^— ^ — ' ^ — — - 



The product of a real number and 0 Is^ 



The consistency of these results Is Illustrated In: the follbwlng 
/ sequencjL of^ products _( fill ■ in the missing^ productB ) y " 



(3)(2) ^ 6 
(2)(2) ^ 4 
il)(2). - 2 

(0)(2) ^ 0 
(=1)<2) = 



(-2)(2) - 



Exercises 6 ^3* 



■ . I ■ 

l.-'-Qaleulat'e the following: 
• ' (a) r-. ^ 

. ■ (d) i-'|H-^i^) +; |(- |)(|) 
• (s) (^)^f ) ^^-^ " 



{3)(-2j ^ -6 

(«)(-2) 

(l)(-2) = -2 
(0)(^'2) = 0 
(-l)(-2) - 



(-2)(-2) ^ 



(J) (=3)|-2| 
(k) 

(i) (=2)2(3|: 

;^).-..^:.2043^;i 

(ri) ()-3|)^ ; 



' ... 2. Find the values -of , tijfer fblloyflng for x = -2, y=.3,i a = 



3. 



(a) 2x + 7y ' ^ . ' ' 

■ (c) '' X? + (sxa + a?) - 

(d) ,(x + a)2 • 

(e) jx2 '+^(3|o| +jk)|a|) ^ 

(f) I '|x + 2| + I (-3) + a| |a + bj 
(sj; (-S)(|8 4„c|) + ((-2)(|8|) + i) 
(h) . (xy + al?)c ' ^ / = ' 
Which of the following aen-bences are true? 



(a) 2x + 8 = -12, ^for x = -10 




+ 8 28y.,fof y #-10.. ^ v 
(Q2)(-x)) + 8 ^ 20, \fjr X =,2. 
(d) -5((-t)(,4-) + 3o) < oJf^r b ^'2. 
te) 2((tc)("-3) +'(-6)(-2|/i 0, for e . -4.^ 
(f) " ((-3)(-d1 + (-6)(4)) + (-3)f-2) ;> -4, for d -,.-5. 
(S) [x + 31 ^- (-2) (|x ^ 1, for x ^ 2. 



(h) 



(y+2)^ 4 l(-3) + y| < 25, for y - -6. 
•4. 'Find the truth sets of the following open sentenoesi 
• (a) 2X:+ (-3)(=i^> = 8 ; ' ;/ 

■ . (p)/ X-+ 2 = (3)(-6) + M)C.8) : 
: :(d) X (-2)(3) 




(e): - ^ V g( 3)) V (-3) (2) > (3)X-1) 



1;:; 



(f) |x 4- 1| = (:6)(.2) ^ (4)(-3) 




(g) x> (-4).(-2). +^X-5)(2). 



of all 



5; , Given the s4t ,S Jl, -2, -3, 4 } , . f ind'' the s^t 
•' .• products of pairs of elements^ of S. 
" S "; a'lve n th e^ s6l r-T!^-tf-ya-T'gal— rfumherBy-ftnd— -feh^ 

products of pairs of elements'of R. Is the set cereal num- 
hers closed under muitlpllcat.ion? . » * 
.7..-- . Given-. the set . if all negative, real ni^bers; find the set 
T of- ail products of pairs of .elements of N.' Is "the set of 
' negative real numbers closed und«r TO-tipllcation? . 
8.. Giyfen the, set y ^ (1, -2,. --a," ^1, find the set K of all 
• positive numbers obtained as prodiicts of pairs of elements of 



^9-. Prove that the absolute value of the product ab Is the 
product |a|-|b| of the absolute values. 

6-4." Fropeybles of multiplication . When we decided how to 
define the product of two real numbers, we wanted to maintain the 
structure of the. real numbers. This |s another way to sar that 
we. wahted the familiar properties of multiplication to remain true ^ 
for ^all - real numbers. Let u^^^i^e^each^^f these: properties and' • 
saipisfy ourselves that they are- true. . vi' ^ .. , . 

Commuta'tlve property of multiplication : 'For h.-.;^. .^J^^v' . ' •. 
■ 9,-.ir -risai nCmbers a . and b., 'v.' ' >. ..^ 



. ,. ■ If a .and , b- are both nesatjlvk},^hen ab ss^J-a-l-ffel . But Ja| " 
^a'rJd .|b| are numbers of arlthmeticj *ence,J.|a | jb-l "= '|b||a|. (Why?) 

— ;,Thus, ab ^ ba. fHuatrate this reeult with (_3)(-4|. 

^. Ifrorir ©f ' a and bV is positive 6r - 0 ahdft^^ is 

■ ' . " \/ 

negative, then' ab = -(|a||b|). But again Ja||b| > |b||af, so ^ ' " 

•'<''' ' '"^^ 

that -(|a||b|).^ -(|b||a|)„ i(Remember that If numbers are equal, , 
thelr^^oppoaites, are .equal.-) Thus, again ab ^ ba. Illustrate this- 

Result with (-3) (4)-. With (-=3) (0). ' 

- H©i*e we have given a bomplete, ^roof of the commutative 
^ pr^operty' foi* all real numbbrai .Notice that we based the proof on 
.the precise 'definition' of multiplication. 

In general^ ^e have ftiown that we may oha^nge the order of ' 



multiplication .without dhan|'ing the product. ' r 
- 4^soclativd property of multiplication. .For 



any rdal nun^rs a^ c^ ■ , . r 
. ' ^ |ab)c ^ a(bc). . _ . ^ 

" 7 - It la not too difficult to ehow. that this property holds for 
one; negative, two negatives, or three negatives j but the task le 
a'blt tedious and wf shall be content with a few Illustrations. 
(The interested student might want to try t(f - give a general proot 
;of this property , ) Verify that each of the following pairs is 



the same number: 



,((3 )X2 )) J 31 (( S )J.=A))„ 

((3)^2)) (^4), (3)((-2)(^4)) J 




■ ((-3)(-2))\-4),y(-3) ((l2)(-4)) . 
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: In general, we agree tiia.% in multiplying three numbers we- 
may first fom the pro duct of any adjacent pair. ^ The effect of 
these two properties Is to allow ue to write products ^of-numbers; 
Without grouping symbol s ancj/ to perform the multiplications m ■« 
any groups and any orders. ' ' • - ^ 

* Multlplleatlon property ... of ^. For any .' ' > 

. , real . number a, ; ■ ' . ■ , ' 

. ' ^ ' '(a)(1) = a. ' . , ^ - 

- We know that a(l) ^ a if -a is -positive or 6. (Why?), V^at 
is a(l)- If a • is' negative? (Recall'.the definition" of multipllca- 
tlon,') Finally, what' is -|a| If • a , Is a negative? Put th»e 



idei^s together and you have proved the property ^ of 1 , . 
r Notice that ' \ , . 

^ " • ' if (-2)(3) then (( -2) ( 3)) ( -4) = (.6)(=4);-— 

,^ ' If (.5)(=3) = 15, then ((=5)(-3)) (|) - (15)(|). 

Notice t'ha^ since ."( -S) ( 3 j " and l'(-^6)" are names i for the same 
number, we ,may multiply (-4) by the number and obtain 

...... I.- ■ ^ ^ - . . . _ : 

• (^2)(3) ("^)" and "(-6)(-4)" as names for th# new numbejr', 
V In" general, we have the " : 

; Multipl-ipatioh - propecty of equality — For any- • 

real'. numbers a, b, and If a ^ b, then ac' = be. 

J L.i f inal and most important p th^^ 



^tT^nhtiire of real numbers Is one which ties toget her, the operations 



.of addition and multiplication^ 



. " Dlatrlbutlve property ,- For any real numbere,' 
and , . 

' J ' a(b + e) ^ ab + aq.' 

\ Again we shall consider only a few 'examplea : ' ' 

V. (5)(2 + <-3)) - ? . (5)(2),+ (5)(-3) ^ ? 

(5)/(-2^ + (-3))"= ? - (5)(^2) + (5)(=3) . ? ' 
(-5)r((-2) + (-3^^- ?. ' (-5)(-2) + (-5)(-3) = ? 

* Let us, agree. that the. distributive property holds for all real 
numbera. . Agaln^^ this property can be proved by- applying the 
definition of addition and multiplication/ to all possible oases. , 

- • • h : . ' ' . ^ , - ... . * 

^ ... = ■ ^ - . ..■ . ' , 

ExerclseB 6 ^ 4a. " ^ / 

1* Explain how the associative and Gommutatlve properties could 
be used to perform the following multiplications In the 



easiest. manner^^V ' 




(a) (§)(|)(-21) 


(d) (- |)(|)(|)(- |) , 




(e) (4)(-19)(-3).(50) 


i'o) .(-5)(i7)-(-2b)(3) 


(f) (-7)f-25)(3)(-4) 


2, Use the distributive ipropert^^ 


If. necess^ry^ to\ perform the 


Indicated operations with the. 


minimum amount of work: . . ^- . 


(a) (- 6) . J . , 


(d^ (-6)(|). + (:-9).(|) 


(b) (-7)(- |) + (=7)(i) 


(e) (-7)(-92) +,(.7)(-8) 


' ""(c) (- |)((-93) +7=7))\^ ^ 


(f) (63)(-6) + (-l63)(-6) 



C3i>;If -xt is a real number, then (x)(0) = 0. We call this the,. 

y'.~- ■-.''''.■ '.} J • _ ' , . . , ■ , • . ■ 

' ■-" (.multiplication property of Apply this property, to com- 

(b! ' ((4)(^6) + (-8)(=3)) (- ^) , 

A, useful property of multiplication is the following": For 
, ■ any re&l number a^. . , ^ * - 

■ ■ . , ■ . ■ (=l)a = -a. ;i .' ■ 

.Prove this property.' (,Hlnt:- To • show- th'a't- (-I'^a Is the 
- ' opposite of a we must show that a +, (-l)a = 0. 'To do this, 
■ " write, a" + *(-l)a ^ (l)a + (-l)a, apply the distributive- 



y property, and use the property of 0.) . ■ ' 

.5; 'Use the property ,tha in prdblem 4 to prove r , 

(a) For any' real numbers a and b^ ( -a) (b) = ^- (ab) . 

(b) Ppr any real numbers a and b, (-aj.(-b) a ab. 
' e. ' Use' the re6ul"t of problem jlf to verify that the following 

sentences^ are "true: ' ■ 
■ (a) . =((-2) ,+..1) = 4, 
(b) . (-2)) - 4 + 3 - V , ■ ' 

(e),. -.((-3)JC + 4y) = 3x +.>(='4)y, fpr all x and y. . 

• ■ • '6-5. 'Use of' the multiplication propirtje-a Nqw that we 

f/ 

\ pan multiply real^ ™^be^s^anj Jiaye at . our disposal the proper t leg 
ofmultiplicatioh or rial •numb'e9S',- wa.have ,a fstrpng basis for 
-dealing With a variety of situatlorjs in algebra. r-- 



X' 



Exercises 6 --5^*- ' ' ' ^ = . . . . ^ ■ 

2^1 >13bb distributive prope2*t3?'^to"'fcerfQrm following- multli 
» - pllcatlone : 



(a) 


.'3(x +. 5) ; ; , 




4 ^ . 

(-a)(r + •(=?) + 5) 


* "(b) 


(7+ (Vk))a 


.(s). 


(13 +■ x)y ■ ' . . 




.'2(a + b + c) 




■(-8)(C-4.),,+ (=mO)'' 




"(-^)(a + b) ■ > 


(1): 


.(.rS). (r,-t 1 + (rs) i- 


: (^) 


" ,((.?) + q)(-3), . \ 




. ,■ 'v-v ■ - ' 



a* 'In doing prdbl^am ydu probably ua-ed the property: For ^ any 

real: numberg : a' and b,. V. " - - ^ , ''^-^ , ^ ^ 

■ ^ \' ' _ - (^Ety(^b)V^,ab. " \ ' . ^ ' 

JElnd:_theJ-par±e-^-Of-.Jbhe_problam:^n-..^^ 



3. . Use ^he'diatrlbutlvje property to writ e/tfte following ejcpree- 



alons ae "prpduQte : ^ . 
(a^.5a+5b - . (f) ' (a^f b)x +y{^^C^it>)y 



(b) : (=9)b+ (-9)c , (-g) Sax + 2ay" '^ -v 

(c) ,; Ian +' kp- ' ^ (h) ,(=6)a^ + (-6)b2 

(d) 3x + 3y as ■ r'.^..., . (l) ca + cb + V;;. 



"' ■ ■ vt-'r.-.vr....,,.-.,v^^'V- ^ . . 

4. Apply the dlstrlDia<feJLv^e;:and^ other properties to the ^$fo 11 owing; 

_,„:.Ja1_._3x_+_2x*^ '(3. 5^l* ''„. ■ . „ „ _■ :! L'^. ■.^.J, 

. , (b) I2t + 7*:. V ■ ■ - ; ^ 



(c), 9a + (-15)a, ■ ^ - ' -'^0 



(Hint: .,:?;^>.(i)(s)) 



(gi ;'|a +,|a 



s. 



'•i t .- ^ ■ I ' 

^S^:.(:I.)i^:i?(;kf.)x + 2x +/.llx 

(J) 3a + 7y (Car^filll), 
(m) 64 + t--^ )> =H I4b^ 



The, phrases you iworked , with In.^ thie' abpyev exerclgps^.^a^^ 
r! v : ejcfeyesBlona . In ex^rek'sloigrAlchi hkr^^e-'fbrm- ^f.vW/.BWi v;A^^^ 



of trie foim. A + B + ?C, , A, B, and 0 nape called terms ; ■ ^tci, 
The distributive property Is very hei^ful' in > simplifying an 
,expreBSioti-. Thus -^v^-^^" : ^ . . . ^ ^ 



■■"^V^Sa + 8a.^-(5 + 8)^^ a3a%. . ' ' ' ■ 
Is, a possible and a d^eslrable simplification../ .Ifowever,- In 



no such simpllf lcatlc|i^^s^^^^^^ 

^ We may sometlnie^j^Bs :^We to apply^^ Pie dlstrltoiitive property 



to-ioma^ "but not aliij;-^^^^^ ~0ius^; 
We sihall have frequent ^'^.^^aeion to. do tj^le^^d' of ,simplirication. . 



:"Por "convenience we^ihMfc.okll Tt cbllectlng terms or combining t. 



terms. We sha^iistaaffiy do the 'middle .step mentally. Thus 



ERIC 



•• • ■ • v<:-vv.^C?'l^l3W,.+. (-9.)W = 6w; -^vV ; ■ . '■ ■ 



■r"."" ■ -.,1 - -■ ■ -'-la' 



•■•■^ • ■> • . , •. ... ■ .4.; 



'to • '. ■"'•■■■■■•■■"■■6 --'s 







■ .Co;liec'^ ^teMs 'i^^^^ following expr4sslbn^: ' 



'(a)J^x,+ Ipx. • . V- (h) 



,.. (b), (^9)a + (-4)d:, ; ; . " (1) Sp +^P^+ ■ 

\. (e) • Ilk (-s)V;,;.' ,;,]■ " ; . ( J,) 7x'+ ;(.-lo)x + 3x . i^: [ ■■■ . • 

t^-'- ;^-2?'):bK^^^^ ;.■ . ■ (k) i2a-;+ "so^-i ,(-2)'C', ■ 

' it) X + 8x .. (m)- gp + 4^ 4- -("-3)p + 7q 

a2*- W^at^^l^dther oT peal numbar^'^beaideg the. distributive^. 

, X ^ - * - - ' . ^ ' ' ' ^ " ' " \ ' 

. ^^pyopert g;. d id you ^use In exercise .l(m}?— « ^ . . ; : ^' 

-3r^^Flnd-the~tinath -set * of --each -of ; thr^ 



; (Galleet terms ^ first . ^' . J .V. ^ > ^ V vt^ 

■-■"■:t!7H;ta) " Sx +"9-x i-.^ao '- ' ^ (J) ", x +^x!'+ sx ■■■ 

i'S'^lft) 12y + (-5)y = 35 . (k) a + 2a.. ^ 3 

'Sj'l^iffe <-3>a,+ (.7.)a...i:4b ■ J ,' ; X'+ 9 .= 20^^ 

+ 5*''= 3. + .& ■ " -(m) - 3E '+ 2 ^ 14 • ' 

. 3y + 8y -99';, (n)- ■ 2y =■ y + 1 ■ . ■ ■ •'* 

; " tf.) <-15)2 + '12^,^ 12 ^ 4^ 2y 0 ' ' 

\ (g) i4x'' + ..<-i4)x ^15 .:■ + 3z < o ' 

^ .,^4h)=»,t-3.)a--+>= 3a^-^-0^ y (:q/j.;;C-8)y -H-^gy-^ 

(1) ■ 13k + (=l4)k,+ 9k = ,0 , ' ^(r) i' |x! +' 3|xl <0 



i ■ 



6..--4 - _ , ...1..... 

.6-6. Solutions off equations . In the equation 
' 3x + 7 = X + 15 

we oan do no colleetlng of terms on either side of the equation^ 
a^d yet it Lb not obvious what the truth set Is without some kind 
of simplification* Th© chief complication seems to be that the ' 
yariable appears on. both sides of the equation. Things would be 
simpler if we could form a new sentence with the same truth set In 
which the variabl^ occurs on only one side. This Is possible to 
do by using the addition property of bpposltes^ x + (-x) = 0^ 



and^^proceeding as follows* 

If there is a number x such that 
. \ ^ ' ^ 3x -H 7 ^ X + 15 

^ is a true sentence^ then fpr that value of 

f 

are' the same number-. If we' add (-x) to this number;^ we get a hew 
• number, .and '(3x 4 7) + (-x) and (x + + are both the same 

new numbey,. This" means that, for the value of x which makes . 
3x 4- 7 = X 4Tfl5 true, 

(3x + 7) + (-x) = (x 4-.^r4^^-x) 
will als'o be true. But this equation can ^be* simplified to , . . 

_ 2k ¥ 7 = 15. 

While we- are about It, we could similarly add (-7)' to the number 
represented by these two aides of the equation and obtain 

2x. =. 8 . 

': Next we can apply the multiplication property of equality to 
obtain the sentence 
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^ (By what number did we multiply both s^es of the aenfcett^ 2x ^ 
The number which makes this equation t?ue 1^ ^- But any numb^^;^;; 
whibh makes bur original equation true will alab make this la'st 

. (^orif true. Since 4 seems "to be the only Naiumber whloh make0 our 



last equation true; we suspect that It makes the oflginal equation 
true*- and testing It so.o'a shows that this Is the case. If x Is 
4^ then fan' th^ aeftl' y:. 

3(4) + 7 = 12 + T'"- 19, 



and on the right, 

(4) + 15 = 19; - . 

so "3(4) + 7 = (4) + 15" Is.true, and (4) la the" truth set of our 
aquation. Itf^-ls customary to say that k Is the solution of the 

^equatloH* " V^^'f^^ 

As another example, find the truth set of the sentence 
5y / 8 = gy + (-10). 
If there Is a number y ^uch that 5y ^ 8 = 2y + (-10) Is true, 
then 

3y + 8 = (-^10), .4^ 
and J ^ • ' 

i; 3ir = -18, • " • . ■ 

. 'y = -6. 

If y s -f',, vt;hen on the, left, , . 

5(_6) + 8 « (^30) ^= 8 = -22, "* ' 

and on the right , , 

2(-6) + (-10) = (-12) + (-10) = -22. ' ^ 



So "5(-6) + 8 = 2(-6) + (-10)" Is a true sentence and the 
" solution la -6. . ' 

i- lkercises 6 - 6, . 
• 1. Find, the" t^mth set of each of the following equations, using 
- • • the foiTO . shown In the examples above: * • 

(a) ga + 5 = 17 : 
. ; ; (b) 4y + 3 ^ 3y + 5 + y + t=2) 

_ Jc) 12X..+ (-6) = 7x + 2h 

{a) 8x + (-3)x + 2 =, 7x + 8 (Collect terms first.) 

(e) 62 + 9 + (-4)z ^ 18 4- gz 

(f) 'len + 5n + (-^) = 3n + (=4) + 2n , 

(g) 15 6x + (=8) + 17x 
^h) 5y + '8 « 7y + 3 + (=2y) + 5 

2* ^ Translate the fotjbwlng into o^en sentences and find their 
truth sets: v 

(a) Mr, Johnson bought 30 ft. of wlr^and later bought 55 
more feet of the same kind of wlre/V^ found that he 
paid $4, 20^ more than hie neighbor'" paid for%5 ft, of the 
same kind of wire. What was the coat per foot of the 
wire?* 

(b) Pour times ah^nteger is ten more than twice the successor 
of that Integer. What is the integer? 

(c) In an automobile race, one driver^ starting with the first 
group of cars drove fof* 5 hours at a certain speed and 
was then 120 miles from the finish line. Another driver^ 



' : ^ A: ' ' ■ ^ ■ ' ' ' ' ' : ■ 

who set out with a later heat^ had traveled at the same, 
/; rate as the first driver for 3 hours and. was 250 miles 

from the finish. How fast were these men driving? 
(^d) The perimeter pf a triangle is hh inches, Thf second 

^slde is three inches more than twice the length of the^ '\ 

third side, and the first side is five Inches longer than 
^ the third side. Find the length&of the three sides of " 

this triangle, . ' ^ 

-(-8-)- If an integer and its successor are addei^ the result -la- — - 

one more than twice that integer. What Is the integer? 

(f) In a farmer's yard were some pigs and chickens, and no 
other creatures except the farmer himself. There' were, 
in fact, sixteen more chickens than pigs. Observing this 
fact, and further obeervlng that there were Jh feet in 
the yard, not counting his own; the farmer exclaimed 

"happily. to himself ^^f or he was a mathematician as well 

as a farmer, and was given to talking 'to himself-- "Now 

I can tell how many of each kind of. creature there are 

in my yard." How many were there? (Hint: Pigs have 

k feet, chickens 2 feet;) 
s 

(g) At the target shooting booth at a fair, Montmorency was 
^pald 100 for each time he hit the target, and was charged 

50 each time he missed. If he lost 25^ at the booth and 
made ten more misses than hits, how many hits did he 
make? 
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(h) The sum of two coniecutlve odd Integers Is 11. vniat are' 

■ -f • ■ ^ 
the Integers? 

i 

6 - f. Further use of multiplication propertl^e . We have 
Been how the distributive property allows ub to collect te^a of 
an expression. The properties of multiplication are helpful alBO 
In certain techniques of algebra related to products Involving 
algebralo expresBlons. 

^latamplig" Tr""""~""( 3xyy(^ can be more simply written as - - 

"Slax^y." 

Give the reasons for each of the following steps which show this 
is true. (For ease In' writing, we shall tef ten use "•" Instead 
.of ">c" to Indicate multlplloatlpn . ) 
K (3xy)(7ax) = 3'x-y7-a-x 

' " = a-T-.a-x-x-y, 

=^ ,(3^7)a(x.x)^ 
. . = = Slax y , , ^ \ ^ , - 

While In practice we do not wrltf dWn all these steps^ we 

i# - • ■ - 

must continue to be aware of how this simplification depends on 
our basic properties of multiplication^ and we should be prepared 
to explain the Intervening steps at any time, ^ 

Exercises 6 - 7a. 

Simplify the following expressions and, in problem 1^ write 
the steps which explain the simplification. 



1. (%^)(-3ay) ' 

2. (| abc)(| bed) * , 

3. - . (-12pq)(-4pq) . ; , , 

4. (20 b^o2)(lO bd) . ' ' . 

' ■ . .f . , . ' 

*'We ^can combine the method of the preced^ing exercises with th 
distributive property to perform multiplications such as the ' 
following: ^ 

BHjrthermore^ blnce we have shown In faction 6-4 that 

=a=l=l)(a), , 
we may again with tlie help of the dletrliutlve property simplify, 
expressions such as - ' ^ 

^(x2 4- (^7x) ^ (^6)) = (=.l)(x2 , (_7x) + (^5)) 
■ ^ ' = (^x2) I 7x + 6. 

Zeroises 6 - 7b\ 

Simplify as indicated above: 

1. 5x(x +6) 5. 6x3^(2x + 3xy + 4y) 

2. lOb^Sb^ + 7b + 6. .(a- + 2ab + b^) 

3. -(P + q,+ r) 7. ( ) (2a + ( -5b) + ( -c^)) 

4. (-7)fca + (-5b)) 8. (.x)(x + (=1)) 

Carry out the following serleB of multiplications by the 
distributive property. • , • 
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a(x +/2) 
w(x + 2) k 

B(x ; 2)r - / ' ^ - 

. . J(x + 2) « ' . . ■ , . 

(x + 3)(x + 2) 
Bo you g^t for the last one of these the following? 
' (x + 3)"(x + 2) = (X + 3)x + fx + 3)2 

* x^ + ,3x + 2X-+ 6 , ' „ 

H^V" ■ ■ . = X* + 5x + o . ■ , . • 

By such successive uses of the distributive property we can per- 
fonn imiltlpllcatidriB invoi^^^ 

Example 2 . 4 + ( -7 % (a-. ^ -3 ) ^ (aKC^Sj) a +. (a +. ( ; 

'' " a a- ^ 'i^:)a * 3a + (-21) - _ , 

■ ■ = ^ ^ a2 +• + (-21).. - 



Example 3. (x + y + 2)(b + 5) = (^*^ f '+ + (x 4^ y + z)5 

= b^%Hy + bz + -Sx + 5y + 5z , 



Exercises 6 - 7c , 



Point out all four pll^is^ 




1 in Ixample 2 the diat^utlve P^fe'ty was used four times. 



la used . 



2. Perform the f ollowing/rtuiW&fllfWlQn^ 

(a) (x + 8)(x + 2) ;S^J^Ji^^^(^^^ + 3* ^''^^ 

(b) (y + (=3^(y + 
„.:._...j£L.-...fe..+Jz^X^,+ in!i.^^^^^ 



3. Show that fo3P i*eal nimbeFs a, b, c, d, 

(k + b)(o + (3) = ac + (bo + ad) + bd* 
(Nbtloe that^ ao la . the product of tl^ first terms^ bd Is the' 
produot of the aeoond terms^ and (be + ad) Is the sum of the 
mixed produotat 

4* Uae the forroula developed In problem 3, where posslblej to 
multiply the following i 

(a) (a. + 3) (a + 1> ' 
.__4b-)- -42X-+ 3) C 33t + ^ ) • / - 

(c) (a + c)(b + d); ^ / 

(d) (y 4- (=4))(y2 + (_2y) + l) ' / 

(e) (m + 3)(ni +3) 



6 - 8. Order propertiea . Compare the numbera ( - -j^) and 
(- -S£^ +2* On the number line we see that 



( 



35 



) < (- If) + 2 



" 43 43 

Now oompare and +2, In general, compare z and z + 2> 

Whejre z Is any real number* We know that exactly one of three 

P^^pl®S|ijLJ.jie.B holdj r 

^'^-|Ci^^^+ 2, 2 + ,2, or z + 2 < z. (Why?) 

of .^IS^^'ibh^^ Is true for 'any z? Why? D@es your answer 



defiip^*^^M»lue of z' 

■ W&^B^M ' ■ 31 31 

■'ffbiftW^fel^'the same way the two numbers ^ and -q- + C-2)j 
+ (-2) J 2 and z + 
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• By . thl9 tlme'^TTIKould eonuluUfa! Uidrt adding a positive num- 
ber to arty real number % gives a sum greater than z, whereas 
addlrig a negative number to -any i;eal number z gives a sura less 
than z. Is every number greater than z obtained as the sum 
of z and a positive number? Consider the number z - -5 and the^ 
preater nilmber (- Is thWe a positive number b such that^' 

(-5) + b ^ - =? What Is ItU 

" Let us generalize these* ideas. If ■ , .a and b are real num- 
bers and b Is positive , then a + b is obtained on the number 



line by moving to the right from a. . Since "Is to the right of" 

means "Is greater than", we\^aye: 

(1) ' _ _.aL, ,+-b=?> *'aV^^'lf 'fe la positive. 

On the other .hand. If we toow that a + b > a, then a + b Is 

obtained by mo^in^^ a" on the number line. This. 

can happen only if b is positl^. In other words: 

^2) , a + b > a, onl\ ,lf b Is positive. 

Combining (l) and (2), We obtlin \ , f 

(3). a + b > a. If ani^ only~ If b Is positive. 

Thus, sentence (3) Is a convenient wai^ of writing sentences (l) 

and (2) . \ 



? 



Now we are ready to state a genera^ property of order of 



numbers 



If a and c are any two real numbers such 
that c > a, then there Is a positive real number 
\ b such that 

._ ......0 a..,=h b., ., 



By titip time you are probably convinced th|it this geheral 
property, is true. What is the positive number b' such that 

- 1^6) + b? Such that ^ = (i.-^),4. b? Use the nurii^er line to 
help you If you need to, ^ \. ■ ' 

However, assuming that the property l£ true, how would you 1 
go about finding the number b ±^ general? Since c = a + b, ' 
add (-a) to both pldee by the addition property of equality, etc ^ 
You finish it. i 

--"-~:-Now-:we--have-a n the relation /">", Any sen tenoe^ — 



involving such. as 

• " ■ ' ' -3,> -5 \ , ■ 

can now be replacea by a aentence Involving "=",,in this case . ' 

where a positive number is added to the smaller to obtain the 
greater, is the converse true; that Is^ if b Is positive and 
c*= a + b. Is it true that c > a? Why? Thl? new' ability to 
"translate" back and forth between a sentence involving ">" and 
a sentence Involving will be useful in proving results about 
Inequalities , . ^ - 

Ecercls^o - 8a, 

1. For each pair of numbers] determine their order and find the 
positive nurrtber which when added to the smaller gives the 
larger* ' • * " 







^b) #-andlf (f) 'fand-f : * 

(c) -|and , (S) 1.^7 and -0.21 . " " 

• (d) . I and I , v^^^^^^^^ ' (h) (- |)t|) and |) 

Show that the -ffyllpwlng la a true atatemeht: 
ll^; a and b^-/ar|: j'tal numbers^ .theri ^ ' ^ \ 

a .f^^b;.;je' a, if and onl^ if- b , iS; negative. ; 
Pol low the similar, dlscusisldn for b positive,) 



Stateira general property of order whlc^ '^ves the meaning of 
"a < o" In terms tof ' an equation. _ 

Vfhlch of the,followlng s#^|haei are true for alli^lues or 
the VarlalDlea'? ''^Q 

(a) ,If a + 1 = then,b> a. K'J?* 

(b) If a + (-1) * b, thefi a < b. 

(e) If (a + c) + 2 = (b + c), then a + c < b + c. 

(d) If (a + c) + (-2) (b + q), then a + c > b + c. 

(e) If 'a < -2, then there Is a pqsltlve number .d auch that 

... ^ 

,_2 = a + d. , ^ 'r'' 

(f) If a > -2, t^n there Is a poaltlvis number d auch that 
r, 

a = (-2) + d. 

(a) If , 5 + 8 ^ 13, write two true aentencea Invblving "<•" 
relating' the numbers 5, 8, 13. 

(b) If (-3) + 2 = (-1), how many true senteneea involving "<" 
can you write . 
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■ ^''(^^f ''' ^t]:^ 7 9 write two true aentine^^' involvin|^-^^'^^^^^^^ 

Jo',^^. Show on the iiumber line that If a > and c are real fiwnbt5:*S; V^ 
ana If TS ^s: 'a negative number eiach that o ^ a + bj then '- V'' 

Letrij^ a^EBume that /^^^ 
' • i ' ' 220 . 1J2 ^ 



la a true sentence. (Don»t bother checking; take ouip word for It.) 

'ean you CQnclud^ about* the order of each jbf the following 
pai;^s , numbera? , J ' ' ' ^ .^^ ^ ^ ^ / 

IIP 

■ 11+ 0 and ^ + 0. 

We see here a property of inequalities which se'ems to be true for 
all real numbers 1 ::-^f^f% ^ ^ ^- /- ^^ ^ 

Addition pr^erty of order . If a, b and c are 
real numbers and If a < b, then 

a 4- c < b + c , ^ ' ^ 



/fJ^iJ^tate In ydi^^ own worde why you thi^nk this general property Is 

true. What'*d<3Ws. it mean In terms^of points on the real ntamber / 
~-llne?--W^ terms of -the distance 'from a -t0"b an 



" fplm 0 on the nunibe# line? ' 

;■ *. liie following is a proof/ 'flf !thi? order property. Can you fill 

Iri the reasohs'for each>'Step%;^%A^ 

' If a < b, t^eJl; thire/£i'a positive numbe d such 

that ■ : ,^,>'':'r''" - " ' ■ ; . , ' ' ' 

b = a f d ; ■ ■ . ' s . ' , . ° , 

then b 4- c =:^a;,;+ a) + c, 

(b 4- c) (a + c) + d 
^ul^ "drrrifrpoWltlvei hence 'i,,* 

+ c < b + 0 . 



v 

(Why?) 

(vmy?) 




#!;pply order property of ..^dltlon, determ 

- ' '^'I'of 'tii#-^o,llowlrigJ^^^^ a. re; true J ' . 

(-2)(- i)' < ( = 0.4) 4-1 ^ • ' ■ 

■.(d) + 2 1 

2 formul^&''an order property of addition for each of the^ 

relations "i", ">%:"i". ' : • : y 

3. An extension of the order property states that: 

jf a,' b, c, d are^real numbers such that . ; 
' . a < b and c < d, then a 4- 'c < b ,4..d j ' . " • 

This can be proved In three steps. Pill In the reason, fpr, 

.,....,_._,(pj|cji.;^.Jjip.i, , I,, , „. ■.,!) ,„,., ,^ .■,;:.„1 
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; If a <• then a + c < b c • " 

• . if c •< d, then b + c < b + dj ' * > 

• ■ • ' « ■-■ ' 

- .'he^ce^ a + c < b + d, / ; 

tlnd t|i^ ^trnith set of each of the following sentenoes: ^ 



3.3 3 



Example: (- i) + x <. (-5)1 + |. 



, '? , X < ('-5) + f + f * add I to both sides,- 

^ % X < -2 . ^ - ^ add terms orjright. 

Thus^^/lf_ X Is ,a number which makes the qrlginstl stn_r_ 



tenae true, then x < ^2. ^If x < =2, Is the original sentence 

true? How can yoii show this? ' v / 

U) 1+ (-:^) <x> ■(- *) . . . ■ , ( 

(b) 3x > 5 + 3x . : . \ ^ ^ 



(c) »(- §),+ gx ^ I 



id) (-X) H < (=^3) + 1=3! . " • : 

(f)' (-^1 + 2x < 1^3) + 3x 5 

(e) ,^- 4^ + I ^ I - |h 

Graph the truth sets of ^ parts (a), (e),.and (g) of problem 4, 
^Ich of the following sentences .are true for all values of 
the variables? - - . ^ - ^ 

;(a) If b < 0, then 3 + b < b. ' , ' 

(b)' If b < 0, then S + b < 3. 

■ ' '■ ■( , . ' ■ ■ ^' ' 

(e,) If 3t < theri 2x < 4.^ ' ' ' 
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>. ^ ^ate & general prdpferty relating |a + b|, |a| and 

rir£:"%r?^^^^^ numbers a,, and b ,, . . , j : ; ■ ^ : -jr: 

^;:v mdi g^^ stated fov .multlplloatipn sd-mllar 

to .the. \ 

-:9;:.-;trahSiate^^^ apntenoes and :f ipd thei^J; 
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v; truth sets 



I. 



V (® 3ien- Joe and^JMoe 'yjere piannihg to ;'buy a^ sal ifcoat, ; they 



■ : •asked -a sal cqst of a n^w t^e of ai,boat , 

J ; lthat,. was bel^^ 

. cxjst more than- $380". \ If Joe and Moe . had agreed vthat J^ 
: Ma: to oohtrlbut $130 more than Moe-wheii the.. boat was: 
' 'pui*chaseaj:^H^ Moe have to pay? , ^ ■ . ^. ' - 

<b) Three moB% t hah alk taAies' a _ number ls|sreater than ievenv 
' ■■ increased by four timf&',the number ^ l^at ^ 
,(:c)' r-C 'teacher sayfl^.-,"If I had three tlmei, 'afe nmny : stud^ts . 

■ } in my class ■as; % do have, ,1 would" have a/least 26 more 



••55: 



than I now ha^^ . , ,How many students does'^e have In hlsff 

^~A-atudent:^hai.^testl.Erades„o,f.B5„md^9l^„„;^^ 

goor^ a'thiT-d test to have an -?avgrage,.^f^90 oi'' 

. . ■ :,'t- ■ ^- ^ 
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. ■ (^T : Bill- Is 5 Vpar^ older than itorma, and the sum. of their , V: 

- ' ^' ^ge^ Ig ^egg than .23* Hdw old is Noma? / ^ . , ' U 



ii!i,*^^5royei^ For real riumbere a; and b 



^: . . m + ^ a If and only If b Is negative, 



^'l ''*. ■ . . - m 



(Mipt; ^ If b* 1b negfl'tlve,. then b < 0. Now use the addition 

. " - .V, -^^ ' ' ' - ■■ . . ■ . J_ " . 



Now.t^at we^have^ dyterm a + c and b ^^/c ' 

^ . whe;i^a ^.^i^llf order of ad and bo whtn a < b . 

■ , Notice "that: % f . .y 

L_^__;£.__^.3-<^-2,-^then_(.-3^(.2)-<-(...S-)(.2-) 



If .2'< thisn (-2)^3) < (4)(3). 
; V If 3 <^5, then .(3) (6) < C5)(6). ' ^ 

If 3 <3, then 3(».2) > 5(-2). ' . 
vJn thei|a oagas. If a < b^ thett- ao < bo^. provided o Is a; 
positive numbej? . ; Thle Is^ a v^ry- Important propej*ty of order . 
HoK would yo^ use it to tell qulefclV whether l^he sen^ , 

tencea -are-istme? • " .i^'. '- ' ' ■ " . ' ' . 

----- -If--- <; ^ -^y - theri -< r - - . - - . -~ ■ ■ ■ "-r 

mat -poBltlve''^nun|De you"^ multiply both members by in each of 

these cases? • - ' v ..> - ; 



B^t thls-property tells us nothing mbout the order of mo >arid ' 

^ ...^ ^ ™=^= ^ ■ ^ , ^ . ■ ■ ^ • .. - ^- ' ^^'•■■■^ '. ' 

btf If is a negative numberv Do you think there Is. a oorres- 

ponding property? ^ Let us try to find a property this time with- 

out- losing at spebial examples f ^ * . \ ^ 

"... ^ .: ' -.. ^ . ■; .'"'"^ ^ . "t ■ . . ........ .\ " ... 



-. 6. - 8 . . 19-2 ... 

We know a /property when c la ^positive. But we are faced 
.-■■-^Wlth- ne gative - c .-. Well, If c ,< 0, then , by taking oppqs It es, -c 
, > 0.'. This Is Just what ^we' want, bedause now (-c) Is poBltlve, 
and our'prpperty says that If a < b, then ^ : - •• 

. ; ■■ ■ . * . a(-c) < b(=G); , , 

This we can change to ; ^ ^ ^ 

^ ^ ^ -(acy < -(be). ' : 

But then^ by again taking opposltes, we have^ ^ W- . 
• . ' ■ : y . . •'. ."■ / ac > be, . . ■ • • ■* . • 

Thus we have .discovered another property of order: Ifa <'b. . 
~^nd"T^"7^^"^^tlve'7' then~ac ->~bc~; ^— ^ ■ ^ — 

• Thestf are-iiBual'ly Btat^ together as the: 

> Multiplication property of^ order . ;If b •/ . 
and o are real numbers and if a < b^ then 
' • r^^, ' - , ac < bo, if c Is positive,: : f--^ , V : . ' 
;* • ac > be. If c Is nepktivc. - ' ■ • ' 

Bont i f 6rget the clue: If we multiply both sides .oft ah: IneHuolity; 
^ by a positive number,- the order remains uncharised . But If we 

— ^-Tnultlply^ooth' Bl 

What>happens if .we ihultlply . by^ : . ; ; , ; 



Exierclses 6 . - 8c.. ' ' ■ ' ' ■ 
TT^Eind thf truth ^set of each of the Tollowlni Sentences : 

Examp^.e; {-3)x t 4 < -5. ■ 
. ' . i-3)x < (=5) + (-^), add (-4) to both slde^^ 
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.... ... ^ 

^ ■ .■ ■ . (-3)x < -9 ■ * adti terms, ^- 

(- ;|)(-3)x > (- ■|)(-9) , multiply, bo.th sides by ;(- |) 
\ , • (nc(te the reversed order)*, 

•N^^ . ^' X > 3 ' , multiply numbers. 

Thus, If X is a number which makes the original s'entencp 
true^ then x > 3. If » > 3^ show ftjat the orlglnaii; sentence 
■ " i£ true; , . ■ ^ ' . 

.(a) (-4) + 7 < (-2)x + (-5) 

(b) + (-3) > 5 + (-2)x ^ ^ ^ 

(c) (|) + (- |) < (- + (-3)== * ' ^ . 

; / ;(d) i x^ < (-5) V|:x ; : - ; ^ ; . ' 

: (f)^ J»x.+ 'I + (-2)x >: (wg) + 5 + (-3)x^ .'^^ M • J " 

>^7: (e) -(2.1- x) < 3 + (-7) r J > • r 

, ' 2. ,Qrai^h the truth sets of partS' (a) and (b) of problem 1. 

3^' Translate the following Into .open sentences and solves ; 
, , : ; ;^a)' : If a rectanglei has a,rea 12 square inches and one side 
>: ' has length less than 6 inches, what Is the length of 

--^--^———^---^O^ side ?---r --^ 

, (t*) If a rectangle has are^ 12 square inches an^ pii^ 
V . ^ ' ■ haa length .between 4 and 6 Inches^; ^hat 

of the adjaoeht side? / r 

-4. K /X 0^ then.x is either negatl^^B or poslUve. If x 
positive:, then what kind of number Is x®? ■ If ,,-x. Is.negatt 



What about, x^? State g? general result fib out x If x 0. 
^What is a general result about x- for real number' »? 



6 - gj SuBunary . Let us Hat the properties of real numbers 
that we have discovered. i"' 
. " If a -and b are^ real ntimbers,^ then ^hat. do: we -maah by 
a + b?. With this meaning of addition, the. tf oHowdng properties 
of addition hold: ■ . ' ^ 



. . . ^ 


For real niimbers a, b' an* e^. 






(1) , 


a- 4- . b s b + a, ,. ^ . 


_Vi -■ - - - - 






(a + b) +... c = a + (b + c), 


. i« ■ . .. . . _ 




(3) 


a -f 0 ^ "a, . 






■ m 


a + (-a) = 0, 






(5) 


a + b -E , 0 If and only If bi ^ ■ 


-a,. ' 


^ 'J ' ^ ^ ^ ' 


(6) 


-(a + b) ^ (-a) + (-b). 






(7) 


-(-a) = a. 






(8) 


If a = b, then a+ o = b + Ci 






(9) 


> a. If and only -If. there Is 


a positive . 






number b , such that c = a + 








If a < b ■i'hen a + c < b + c. 


7 ; ^ . 





le^f theie properties of addition, have been given names . 
State each one In words and refer to It by its name. _ 

"^^^^ "^F"a^^nd ™^b^^ 



With this meaning of /multiplication the f driowihg properties oT. " 

^6 



multlplloation hoxdj 
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6. - 9 



. For real . r^umbers a, b, .and c, 
(1) ab m ba, . * ■ ' , 



1. 



(2) (ab)c * a (be.)., 
: (3) ;a(i) 4 a, 
.(4) a(0) ^ 0, . 

' (,|);--a(=b)/= -(ab), 
(67 ,(=a)(-b) =-ab, . • 

(7) (-l)a * -a, ' 
t^{&) It a..-^ b, then ac 4~bc, 
'.(9^). if .giK^^^^ c 4 0 J then ac < be, 

(10) ac" > bo. 



(11) 1^7 a ^-"QV th'ei5-'a^,^-0 



What names did 
properties In words 



weVgl^^f^'^4^ ...Stiti the 



'The mort.lmpprtant^ property of all, the one relating addition 
a.nd raultiplloation Is . 

, (12) a(b o)^ ab + ac. . ^ ^ 
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Chapter 



.Subtraction and Division oiT^/^^j^T^ , 



r . ^ '7 - 1. Mtarilng of slAtra^t^ny)^^lii^ a 
gieat -deal of subtracting.^ Perhaps AS^j^Sfj^^ away" . 

Now that wa are "becoming familiar w|t^^^^^^ .It will be ■ 

eonvanlent to have an operation of/;aUl^-B^^gtiw^^^^ 



also. 

Exercises 7 - la. Compare the re;|t^^iB';7i^^^^^ 
i. Add the. opposite of ' """ "" 




. 9 to i^^'f-^^if^Bi^-i K^PP^ 20 .,' 

_ //.prJiil.;.^ — 

4 to .^^ir^JUSi^tr&^ti S. from 



2, Add' the opposite of ^ to . .from 

the opposite- of 0.76 tovte-^li'^ ..from .l'f 2,, , . ;^ 

-50 to iiGO/ . Subtraa^t Sb;:fr.oin' '(■'Qp^'}^ ■ 3 i i < ""i^ i.-i 

, . ; . 



3. -Add 
4 . ' Add 




..... . ^:;#^':V^^^;'^'^/;.i.,. .. 

'^''nmnber a, adiJs||)ife?,Qppbsl-te^^^ 

■ ■ ■ ■^■>t#ault -.of' 'Bultra'eti'^' ..bV/^^^^^ a 
ThUB>, f bfr^real^ numbers a. arid . . 




"■■ :v*-^':"V.-.:% 



Jf we applj^' this di^^^ ?0 .-, 9/ we have \ 
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■ 20 - 9 « 20 + '(-9)'-= 11.' ' .■ 

■PoVa'^l^^^^^^^^ ■ ■■■ ■ ., 

. . . mat would we have Bald m. arithmetic. If sompone- had ' 
,^sked.ug...to find 9 - ' 

.. ' ••• ■ 9 - 20 = 9 +, (-20) . -11. ' ... 

Thus; we can do subtract Ions whlph- were not possible ■ in arlthmetlb. 
Furthermore, we can subtraet when one or both of the numbers-,-' are 
negative-. ; ; • '. - ' ^ ^ 

■ ■ ■ ^ What Is the opposite of gs The opposite of -9? The ' 
opposite' of . 20? Notice how these opposltes',, are used In the"^ 
following example ' ■ - . ' ' 

-20 .- /-g) -= 20 + 9 = 29 • ; . ■■ 



-(^2g)T-^--^||^|^i^797r-~^ 

.(-20) - (-.9) = J-20) .+ 9 = - 13,^ 
9 -" (-20) =. 9 + 20 = 29 




■ the: aboveJi eiinples that the"" 

^im^/^'-i^U^'useA ^i^ tW^'^kV-ic^-ll©,- {-9y"/what'U th^' 
■^^nlns Of . the flpst What'' Is W tahlng^f the second X 

To help keep these uses, of the^ sjnnbol clear,, we ,ma^^ 
■following parallel statements about them. " . 



In J'a., -- b"-. 



"~"> stands between, two humeral s 
and InddcatBs the^ operation of 



IsubtflctTdh. 



-In<"a + .(-b)" 



-■" iS; pai*t of one numeral*' 
and. Indicates the opposlt^^ ^f^ ■ 



. Exercises t^sj.lb. ■ . \, . ■. . ■ ' 

S.- s-ub.traet -'^^.^ . " ■ ; ^ . ; ■ . ' 

la rTresgjthan-^?— ' ■ " " 

/r.7 U". ' : From 22, take awajr -30. - ■ ^ 

; '5i • -is' Is how.muoh- gr,eater than -17? . ' , , ' 

?4-i6.r-:HoWimueh.sr,e^^ 8 „_ than -5? - . .;■ .^^- .....^^y^, 

- 7.. ■ (-5000) - (-2000) V* ii:if(-i.7?y - irS2 



1),.^ (.6). , : 13, 75-,trf5) - ■■■>■',•••■• • 



10. (-o";63lff (0.631) . 11^. ^(-|) . / , /■ . V 

15. Let R bo the, "set of all real rminhers.- apd /S- the set ^all ; . ^ 

~"n:,«ibers"lhtalnedl.7p^^ 

on.- pairs ■9^:;tiumbars:. of R. -^b S a pubs e^^l||i||#|e- real Z 
" ■'"^■Wbers. cloW under subti^^^ibn? :Weri thS rliai^|^ 
. . ..^ . arlthmetl.c closed under subt^-actlbn? ■ . - ..y- -; . | • 

16. ; Isa'-b = b-^a a t^^'^ta^"^"* ^"".^^ -^^^^ 
v^an you find any real. numbers 'for which -it-, is' *rue^^^|g^4:^- _ 

■ ,^:fH^^iiibtractloriv commutative? Is • ^btractlon a^spclatlve?^^^!;, . • ■ 

l!^t7. - ' show-.w4|^'k>-a ^ 0 is W for ^1 re0;^^s- V''' ; 

; 18.' Find ;thi tMh set of each of tHp tMm^^mmm^.^'' : \ 



(b) ' z\-'2k' = 76 ^J?) X.+ 23.6,. = 7.2^ 

(c) 2x +'8 = -16. ■ ^ ' (f) ^ + - 



^ ' 19. From a tempera ture Fbe^pw zerort^^tempfei^urj-droppgdr 
HL^^' -IqO,,^ What wa^tbe new temperature? Show how this question 
is rellted to subtraction of real numbers . . " 
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19^ ■ ■ ■ ■ '7-1 

^. •' ' ■ ' ■ ■ ^ ■ 

go".' ..Ife's-.' J.- had a credit of P7'.23 in her account at 'a department 

■ ** st6re," She bought a dress for'-^15.50 and charged' It What 



21. Billy owed his brother 80 cents. He repaid 50 cants df^tha 



debt. How can this transaction ba written as k subtraction 
of real nwib^s?..-^ ^ 

22. The bottom of Death Valley Is 282 feet below^ sea level. ' 
The top of Mt. Whitney, which can be seen fro^. Death Valiey/^ 
has' an altitude of 14,495 feet. How high above Death 
Valley is Mt. Whitney? 

23. What > number added to -4.6 will give -7.8 as a result? 



;~H6w'3;err " Is^lt"^ on "the Timb%^/aine~f rom~'3-~i-~^~~t o~~-g~^^^^ 
^55. ^ If subtraoSdng 10 froi{ rSOr'^on^the r^ber lliie 1^ donp 'by 
"'^>/i' '''"{'^^raovlng 10 units to th4 left frorn 50^ how would pu&tract 
^ (-10) from 50^ on the number line? - 
26. We ,thlnlc of addition 'of real numbers on 'tha real nimbar - 
line as moving to the; right when acStdlng a positive nwotoer^ 
,?tt> the lef t Wh^n adding a negative, nmnber* What 'would, be 
the procedure on the number line A to subtract a ppsltlvff , / 
number from another real .nmiber?.^^ Illustrate by perf oMiing 

■ ■ ■ , . ^. '. .V ' - - s I- \ . . 

the- following subtractions on the- iiumber line,- - - 



* 



-27^. Consider the statement: For all real mumbers a^: bj. aysa. o-, ' 

■ ■ ■ " ' ' \ ■ ' v ' ^/-^^ " 

.a c If arid only, if a ^ b + c. St^te in words. t^e ■ 

■V : . .two se parate statements included here^ oQe -Involving- "i| 
./. -. and the other "bnly lf".. Hot^ can- these statements ^e'; 



proved by using- the' addition " property of equality? 



7-^- 2V- - Absolute, valufe arid subtraction,- - We wlli-vf 




km 



us^ ^or the' absolute value of thfe difference of jtwotri^^ 



illustrated In the following exea^eisesy 



. . .4ffExerelBes - 7 - 2, - . . 

Perf brm^^^he indicated operations 
)(a)__ 




. it" ~ ■':7.?- — 'tt:—- — 

(cO 1-51 U3i \ 

(d), . 15 = 3| 



(J) l(-5,):> 3| 

(k), |=3| + lal 
(1). laj -1-31 



. On t'he :reai nWlD©^ and (2/^ S) ^ ; V/hat' ■ 

must: be^tadded ^'^o € tO:p^ield 2? ^fow can you ^dlcate this - 

' Iri- terms ^ of :\^iBtanGe from one^ point to another -.on the . » 
number lln§? ■ . ; ^ ■^ ^ • 

3, "On the real number line given the points a^ tf^, how . can, you. 
descrlbe^^ a b Inl terms of a distance from one of these ' ' 

. ' poiijts to the otWer? laiustrate with (-3) - ( -2 ) . ■ '%|tft 

J[v.*^J..How^^can^.^el^.lnterpre 
" ' ^|P_w^j8_|X..-:, What- does '(g^ 8) tell about a dl-stance o nlthejLi,' ^, 




humber-l^ne that j2 - does, not tell? Ifi we .were/ interest-. 
\;j.x::ed in. expressing the. dlBtanc^ betv/een a and b on the_ntjfr 



lin® and ■.aicl not''' care about direct 3. on on the line, would 

fb H a|' serve, o^iir purpose? How" cap wa ^prass ^he distance 
- fa^nwa^^o— b^a>s^a^l£fa^enca? ^ — ^ — ^ 



Pdr .each of the 1^ foli owing palrg of expresslohs^,^ f ili' 1ft the^' 
symbol or which -^will make pi true sentence 





9 -y 


lal 


-121 


Tbi;^'"., ' ja - 91 


9 


|2h, 


- I9|' 


(c) /■ |g = {^2)1 


? 


I9| 


- I=2| 


(d) , l(-2).- 9| 




I-2I 


=:19J ■ ° 


(e) : 1 (-9) - 21, 


9 


hsl 


- 121.- ^ 


Cf) \ 1:2 = (-9^)1 


? 




= |-9l 


7(1) "1 (-9) -.(4)1 




r-91 


- i-2i - - 


(h) ''|U2) ,:,>9)| 


9 


1-21 




Write a symbol between 


1 ^ " 


b| and: |a| 



a true servtence for all real numbers- a and. b. Do the same 
fpr |a - bl and fbl - lal . - Foi la - bf and hal - Ibl ] . 

Describe the resulting sentences In problem 6 In -^.erms of . 
distances : on the number line. v ■ ; ^ ^ ^ . ^ ; 

VQiat/are tfte two^lu^^^ on the number line such.; that '"^ 

, Ix ^ Ul . 1/ 
that IS J ' the two jiumbers x such that thf distance between 
x.'and U djs l?^^ _ ' ' ' - 

WhaC^ Is the truth set of. the sentence ^ ^ ^ ^ 

. ^ ' ^ * ' |x ^ Ul < 1, , ^ ' 



th&t tt^p- set of Aumbers x such that the distance /between 
X and- 4 Is less than 1? . Graph this set on the number line. ' 



■> ■• • (iQ v.lQ^^h' 'the-:, -triith- .;s'et ■ ■ of 

X' 3 ' and' i' x '< 5 , 

.?ryf.;,;^;;; <'3^,.< 5" for the ' - 

'11 v.- ' Fliid the.A^uth set of each of the following equations j . 

I • ' . • * ■S^S'P'^ ""^fi^^h' df ttiese setsi ' ' . - . ' ' ^ 

^ ■/ - ■ ^ ('■-." ' ^ ; " ■ "* . " . . ' ' 

^;(a)^' |x -i6r - .S ;^ , . (g) l/^r < ^ .(Read this: 



, -' (b) y + I "6 1 - 40 - - ^ . THe d^fftirfQe between y v 
■ (o)./ llO. - al - 2 :;v and/^ is less than 4,) 



: ^ ^::'.i^v\ ,Fot each'^B^nterxcfe:" ih the left coluinrl': pick the :3entenc# In- 
^the^i^ight /^bolui^ the' Se^e^ tjinith 'Betj. . \ 







x^.=..;-3 


and. 


X = 3- ' 






x-='.-3- 


or 


X 3 ■ ■ , ■ 






., x' > '-3 


. and ; 


Xn< 3 


\ ' -, • !<•„;. 


^•ti'?=•,Jx.l■■>■.3.^'■ . 


x' > -3' 


■■ or . 


X < 3 






-and 


X > 3' 








' ^ or.^" " 


' ' : -. ' - f. 








' and'^" 


•X <'".3 -H- 






X C'M 


■r or 

ii. 


x>-3 ' 




|x| y 3 









> 13.- , Perfo.rm the Indicated operation^ ^^itpS t|5^e , dl■Btrlbutl^^e law 
- vjhere necessary. ^ ■ -4^ - ' , V 



M'.'(a) a2/+'3a2' (e) " Sx' - 2x ■ .(1) ^-iSy) 4y 

' (b)- -.IT - (-V) ■ -Wf) -9x2 + (.%^2) • (.3b) . (.^b). • 

. Co) 8k - 'CmTc)^^s^)-^0^-5a i^y^^ify) - u ■ ^- 

(d)' evt. - ^ (il) ' C-WSpq) - ,pq" (l) ^0 (-3ni) ^ . ' 

The temperature \dr^y%.5° from an Initial temperature of , ■ - 
. " •' ' " ' f ' \ • ' ' • - ' 

--4^..ab.6ve zero. 3 Express this'* statement as a. subtraotkon of 1 



real numbers.; , • - ' ^^'^ ' , 

^15* A submarlneL^has been orulBltig at 50 feet below the surrace, 

It than^BoeB 30 ffeet deejjer*, : Express this sGhanga as a ^ - v r. v 
subtraction of real numbers . ^ ^ ' ^ . ^ * a.% ^ * < 

16* --I6 ^Is 25 lesB than some -humbarb' ■ Eind' t'h^. number* ^ * - ' 



■ 17**- If th# time at 12 o^clpek midnight vis eonsl^ered as fRe/ ^ 
' ^ ' s't^rt Ing: t Ime that Is > at 12 ^ o * olock^ midnight t 0^^ what. . 

is the time interval from 11" Q^clook P.M. to' 2 "b'oloek A.M.? 
Prom S o'qlock A.M. to,i^ o'cloclf A.M. tha ne^t da^^ - ' - 
l&*l..From a point marked 0 on a straight road> John* ah^d Rudy ride 
> Tricycles • John rides 10 mllas per hair and Rudy, rides 12 
''frr.\ miles per hour,. Pind the distance between them after 



'^'t' , (1) 3, hours, , ^(2) , ^ li. hours^^ ^ (3)" 20 rrfl-nutesy- If 

^ * - (a) They start from- the 0 mark at the same t^e and* John 

■ " ^ V ' goes #ast and Rudy' goes west^ ■ : . ■ - v- 

,(b) , John is 5 miles ^east and. Rudy Is 6 miles%est of the^ 0 



- ^^^*f,^ mark wheh^thsy start and they ,both go east.^ 



H"'-' vo) John^s tart B -from* thf 0 mark and gges east* Rudy -starts 



.;'from'the 0 mark 15 minutes later ■ and goes west,' 



A'--'. (d): Botha tai^t^'at the same time. J}ohn starts from the 0 

.marK and g^oafe west and. Rudy starts 6 Mimes west' of ttie^ 
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■ 6 iriar^ and ml%o goes west. . ^ 

V ^ : . . ■ • . . ■ . % ^ 

...... X. • » ' "A 

/V ..7«. -^' 3. ,,Subtractioa of a sum. I^e shall sometimes need to -4 
do subtractions such as , ^ 

'- Subtracting (4x ^ 7x - 8), ,itf the same 'as addl^ -(4x^ Jx - 8) . 

^ ' . . ^ ..." ■ I - 

■Why? V/e prov^. In" Chapter 6, that -(a 4 "b) = (-a) + (-b) forg 

^"all'^i^T humFei'a^ ,a aria By an extenslQn of Ihl^a ■ prqpei^, 'we - - 

' » , •. ' * 

' may write # , * *^ " 

- (lix^ = 7x ^ 8) =^,( = iix2) (-(-7x)} (-(-^v ^ 

■ = -iix^ '-fi 7x = 8. HJiy? V 

Therefore, * . ^ 

(7x- - 3x) -{kx^ - 7k - b) ^ (7x^ ^ 3x) ^^(^4x^ 7x 4 8) . 

■fll -we need to do now' is to L^earr-an^e and regBcup these ..^terms by 

the commutative and associative 4:>ropertles of addition to'^btaln 

* 

(7x2 _ _ (^^2 8) - ^ (iK^ ! (-^x^)) + ((-3x) + Jx) + & 

In actual practice, v/e wi-lte ail thlu moi-e compactly: 



<7x'2 - 3x) - ('ix'^ /^^-H) i 7a'' - J A iJA'^ + Ya + 8 




You may be lmpr,easod by the way we are-novj doing a 
number of steps mentally. This aBllltyi. to', compreljend Beveral 



steps without writing them all- down*TtR> a sign uf our 
mathematical growth. We munt b-ft'caS'eful , ^6"-,'everi to be able, 



205 



7-3 



at any time, to pick out aj.! the detailed steps and explain each 



dne . 



For Inatancef give the reason each of. th-e following 



steps •• 



■ ft 



(i6a - 8b + c) 



=^2b + |c) % 

- (6a S(^) + o) ^ U?a) ^ (-(-Sb)) + ('-7cj 
i (-8b)_^*c) + -iia + 2b + (-?c) 

= (6^ + V (-8^) + 2b ^ 0 .+ (-7c)- ' 

= ..(6 + («U))a + ((=8).+ 2j b +Yl + (-7))c 
= ' 2a +i<-6)b + ;,(-6)c 



^ 2a -^ 6ib - 6c 



Perfornn the follov/^ng opera 

kly^ + = 91 ^(3y^ -'tiy 
a. (5a - 17b) - (-4a ^6b| 
#. (x^ + 2xy + - (x- ^ffexy t y 



2 



k. , (2x1 7) + t x) 

5. (3ir + 9h- (Sir.'- 9) ' 

'6, (2v5 - 8) = (n/5 - 2) 

*7. (6 t S-s/S )»> -Sffit v^) 

9. 
.10.' 

11. 

12. 



(6x^ .+ 5x^-6) = (yx,^ = 3x 



( 3a 4= Sb - U)^- (Sa-- Sb + c ^ 
.i*x.^.- 7 8x ) - (8 5x), • . 

(7xy ^ Mxz) - t&y "= 3yz) 
(-1^ + 7o - 2)' - (5a + 3o + 7) 
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13. We uyovf d dn Chaptfr 6. that ^.^(»l)a for all real numbers 
^a. Thus, - (Ux^^ 7x ^ B) ^ („i)(iix^ ^ 7x - 8), and this 
suggests^ Ihe distributee property. Justify each step In 
' ^ the following: _ 



(4x2 


= 8) 






= (7x2 ^ 


3x) 




'(-(4x2 = 7x = 8)) 


■= (7x2 ^ 


3x) 


+ 


(=l)f4x2 = 7x ='8) ' 


= (7x2 _ 


3x) 


'+ 


(-I)(4x2 + (-7x) + (-8)) 


= (7x2 _ 


3x) 


+ 


((^l)(4x2) ^ (=l)(-7x) + (-l)(-8 


= (7x2 ^ 


3x) 


+ 


(-4.x'' -t 7x + 8) . , ' 



before^ write all this moi'e conipactly as 
. '■ „ (7x2 _ -^^^ ^ ^^^d .^^ J ^ .^^d _ ^^d . 

, perfornilng ali tht^ luLuiuusdiala ate pa mentally, 

4* ■ 

1^. Use the dla ti-ibui i vc. pLs.puia^/, i^i^*pro=blen4 11> to perform 
*- the following l^i^u ti^a^.. tIon& ^ sh...wlng thtt stepiri ifi detail 
in part (a) : 

(a) (^ei 1/1.) \ h:A oh) ■ ... 

(b) {6%^ . Sa'" - o) - (dA*^ = jx I 9) 

There are tlniea when It la wiivenlant to arrange 
subiferac tTon^/.. SUuh ^ th^se m ti^u pi uccid i pai^agi-a ph^ as f ollov/s 

« , , ^a- ba - f „ ^ ' 

~ - « - -7a2 + 3a \ 13. = ,. 

The reasoning is, of course, the same as before, 



Perform the subtractions In .problems 1 to 6, arranging your 
woVk. with terms beneath each other as shown^in the exaigele above 
Note that we put beneath each other terras to which the dlBtrlbu- 
tiva law can be applied. _ 

1. (igx^ + 12x - 15) - (20x^ - 3x - 1) 

2. ' (8a - 13) - (7a'+ 12) 

3. . (14a? - 5a + 1) - (6a'^ - 9) 

4. (3n + lap - 8a) - (5a - 7n - p) 

5. (7x2 . J) „ + 9) 

6. (a^ - b^) - (a^ - 2ab ^,b^) ' . ' , ' 

7. Prom 11a + 13b - 7c subtract 8a - 5b - lie. 

8. What is the result of subtracting -3x^ + ^% - 7 from ; 
-3x + 12? 

9. Vmat must be added to 3s - 4t + Yu to obtain -9s - 3u? ^■ 

10. If a > b, what can yuu of a ^ b? Prove your statement, 
(Read this: If is to the right of b, then the differ- 
ence from b to V is , ) 

11. If (a - b) Is a positive riuniber, wt\ich of the statements, 

"a < b| a ^ b, a > b, is ^true? What If (a - b) 1^ a negative 

m 

nmber? What If (a ^ b) is .iero? 

12. ^f a, b, and c ai'e real iiumbers and a > b, what cah we say 

. about the order of a = u and b - c? Prove your statement, 

7-4. M ultiplloatlve Inverse. Since 6 + (,6| ' = -0, 

,..w4. .cailBd.--6 .the .additive Inverse of 6 Ttot . is, ~i,M.^.:MM.l '-]^:.. 

number which when added to 6 yiflda the s;^ 0. Is there a ^ 




similar relation among nijjnbers with respect to multiplica^ 

We know that the "product of 0 and any number Is C. But What is 

a niimber v/hlch when multiplied by 6 yields the prbduct^ i? 

By .experiment or by former knowledge of arlt^emtlc^ 

.you will probably say^^ ^ is such a number^ bec^ause 6 ^ "g ^ 

"What is a number >^ich when •.multiplied by ^2 yields the product 

1^3- 

1? Answer the same questloh. for ^ ■ ^or * - . 

We say that is a multiplicative inverse of 6^ because 
In general : 

If c and d are real numbers such that 

then d Is Li rnul t Ipl lea tlve inverse of c . % . 

If d* is a multipl lua 1 1 vu ins/^u^^ then 1b u multiplicative 

inverse of Wliy? • . j 
We can obHci v^ .^ua^ 11* i ^h^; utx^ tiiest inverses 
behave by looking tii^i.i un the uunibui- line, Un the diagram 
beloWj some sumbays and Lhcli^ invcL-ses undex' mul tlpl ication are 
Joined by double cix-i'^v/s . Hu?^ ^ m ^uu teat tu aee that these 
pairs of numbers really .tL-c mu i l l i lua 1 1 ve inveraea? Can you 
vlsual'lze the pattern ui" tin; dwubil ii-i'uws If a gfeat many more 
pairs of these Invdi-otju ./uic .-j Im i l ..i i-i y mcii-lvei^,',-' 
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How about the number 0? With what niimber can 0 #e paired? Is, 
^there a number b such that 0 x b ^ 1? What can you conGlude 
about a multiplicative inverse of 0? ^ 



Exercises 7 ■ * ■ 

1* If b Is a' mult^iplicatlve Invers© what vaJues for b ^do ^ ' 

we obtain If a . Is' larger than 1? What' values of. b we » " 

obtain ^If a is . between^ 0 and 1? What Is a m\iltlpllcatlyfe V v 

Inverse of 1? ^ ■ ^ ^ . - . . ^'"^ 

2. What values for b do we get a Is^less than -^11 if'-a^< O ' ' 

'if \ ' . . \ ■ 

and a > -1? What Is a uiultlplicatlve Inverse of -1? , - ■ 



Find inverses utid^i^ ruuit ipiccatlon of the^ follawlag 

1 ^ ^ 



-■ 2^ ■- ^ ii'^ ^^^^ ^ ^ 



2' 6" 7' " " 10 1©Q^-^ MOP 

^. Draw a numbei; iia^ laai'i^ .jI'i" ^xtYi double arrows'' .the flrs't 

six numbers glvfen in yvu\ji^iM 3 and their multlpl^cmt ive ' 
Inversea , ' ^ \ ' 

5* If *you had duu^^ ^..^ , dm u fwi :idaitlve .inverses Instea 
multlpllca tl vcr ^ h...w Wwuid Liie pattern ofl^ double arrows 
differ? ^ , > ' 

6* For InyerseB uudai- lUMi Lii^iiur^i ion. -what values of 'the- 
b'do you obtain ir a' 1^ positive? If a' Is negative? 

f. 

7-5. Ttie liix^u i/ag^ uudey S|ialjti^.licat|Qn uniq[U'e 
The above examples sugg^t lha't every ,jer3,l number (w^®i',the^ ^ - 



exception ot 0) hasi an Invepee uh.^^'|i,ultipiloatlop. ■ We liave ' ' 
seen that -the a^^iye inverse otk number .is'., unlquft (Wh^t. 
does "unique" rjieaijll l9,>tte ■mi4al|piica1*lvf inv#se of a ntitAer 
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also unique? In other words, does there exist pnly one _ ^ 
multiplicative inverse of a given number? »| Im"'^ 
■ . " We- can see, for instance, that x | " = 1, but can W^Sgfe 
Imagine any number b other than i for which 4 x b = 1? i^s^l'*-^. ■ 
•,80, what is It? ' 

' While It seems fairly obvious that .is the only 

multiplicative lnvel*se of h, we need to follow a general 

. argumtrtlt^^ W^^^ that there Is only one In^pse 

unde^ muitiDlication'for any real nmnber, except zero, It^^^ 
n<i,t' so muoh, thaf this statement as^t is that we ^jj^^-lgmef, 

yio-ehfer' opportunity 'to, exercise our reasori^g ability Im 

''it Qustomary to call a property which can be j^roved 



5 Jh^^^i^ ' " 



Theorem 7 1 . For each non-zero .^f ftl muniber 



Is only -one^ raultipllcative inverrffe of a. 




I Proof: Let us a,flp\^e .#id't a #iultlpllc»tlvp Inverse of 4^4^^ 



that %s^ySip'=i^. ^ ljp,..tjtet*e'dL&- aether Inverse under 
s^ay X, ' rfU^ tha^-ax then we have 



m 




.5 ;i 



I x ^ , 



(i)x. .^11^ ;> {wi4|?) 



by tlie afet^latl^e and^Mmutatlve 

pl'upei'tleB uf miiltlpl^^^fch. 



jx ~ 



f 



8 this; '"o,ther'. i'l'vers^i' x -^a rea 
Is no different, inverse 



the nuJnfe^^ so there 



211 7-1 

'We shwll find It convenient to use the shorter name 

"reciprocal^' for the multiplicative inverse^ and we represent 

the reciprocal of a by the symbol ^ . Thus, for. every' a 
_ * a 
. " 1 ' - 

except 0, a X « 1. , 

■ ' You prdbably noticed that for positive integers the 

symbol we chose for "reciprocal" is the familiar symbol, for 'a 

fraction. Thus^ the reciprocal of 5 is i . This certainly ' 

5 

agrees, with your former experience,. 

Bute now the reciprocal of ^ Is - j of -Q is of 
^ ^ 3 2_ ^ 9 

. ^ 3 
^ 6.73 is g . Do these symbols' represent fractions? If so^ 

..they must agree with the meaning of a reciprocal. That isj 

.1 P -3 Q 

. Since is the reclprooai 'of — and ^ x ^^1^. it. follows that 

3 

g and ^ must tii^ Stiiue number; alnue i is the reciprocal of 

/ i i 1 *■ 

-9 and since -9 x ^) - i ^ — and ^ — must be the same number* 

./ % ^ ' ' 

.We shall be in a bettm^ poyitloii lu continue this discussion 

after we consider division of real nunibersi 

' ^ ,■ ■■ . * . 

^' What is tiia reuIpruCcii uf; Ib^ -8, = i, ' ^ 

to, 3, - ^ ^ y 

Why did we exclude o ri-um our definition of 
reciprocals? Suppose 0 did h^ve si i-eulprocal. What could it 
be? What is the truth set uf the aentence (0)(b) ^ 1? You 
concluded that 0 simply caunut have a reciprocal. Here we have 
an opportunity tp demonstrate, f or rather simple example^ a 
^■very""pow^ p^of ^ This ^proof depeftds on the idea that 
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given a < sentence. It ^ elthep. ' true ^ It ^ false , ^jt not both. 
If we can show that one of these Is ImposBlble, the other must 
be the case. And one way to show that a sentence Is true Is to 
ahow,that assuming It Is false leads to a contradlctlonj 
therefore, the sentence is not false, and, hence, must be true. 

Theorem 7*- 2. The number 0 has n6 reclpro,cal. 

^Emof ..Assume that the senteriGa of the theorem 1b false. Then 
0 has a re^olprocal, say a, Thle would mean that ' ^ 

0 X a = 1 . ' * • 

since the product of zero and any real number Is zero, It follows 
that 

■ ■ ' 0 1. ■ ' r ' 

This Is a contradlctluu (or what?)* Thus our assimptlon that 
zero has a reciprocal Is a false assumption^ and It follows that 
zero has no reclprocai, 

7 ^ 6, Pt^opertlea uf r-eo^lprucals . We should like now 
to see what we can dlaoover and wha1^ we can prove about the way 
reciprocals behave. 

In fach of the ruiiuwing s^ts of numbers^ find the 
reclprocala. wftkt conclualun do you draw about reciprocals on 
examining the two sets? ^ 

I: Id, |, ,0,09, I . • 

II: -5, - |, -700, ^2. a, - I 



0 



Observation* of raclprpoals on thfe number line strengthens our 
belief that the following theorem is true. 

i ■ . ■ J 

.Theorem 7. - 3. The reciprocai of a positive number 

' e e 

is positive, and the reciprocal of a negative number 
is negative. 

Proof: The Btatement follows Immedlat^y from the deflrlltlon, 

X - 1^ Blnce the product of two numbers is poaitive\lf and 
only if ^ both numbers aire ^ positive or both nwnbers are negative. 

For each of th$ following numbers, find thiv reciprocal 
of the number; then find the reciprocal of that rec^^f*ocal < . 



What conclusion is suggested? ' ' . ^ ^ *: 

. . ... . ^ . \i2, B0,^/ ^ ..-^^^ . ... ..... . . 

Theorem f ^ k ^ The raulprooal of thfe reciprocal Of a 
non-zero real iuiiiibei* a is a. 

Proof: Since A Liia . i^eu i urwuaJ. uf i by the definition of 

a reciprocal J it iuiiow^ tiiat (^) (^^^) ^ 1. Similarly, since 

a 1 

' ' = a 

^ Is the reciprocal of a. It follows that (a) (if ^ 1, or^ by 
a , a 

the; commutative prupert^, (4) (fit) - 1- Compare (i) ( ^ ) ^ 1 

a a 1 

a 

with (iHa) - 1. ^ 

We see that the number i has reciprocals -i- ^ and a, ' Since any 

-'=■■- - - 

non-zero real number has only one reciprocal, it follpws that 
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-i- = a, which is what we wanted to prove. 




a 



Bv now you have se-en several proofs like this one. You« 
may still be wondering why we are Interested in them, what good 
they are, and how we are expected to do them. 

■One reason why we are interested In proofs is that 
they hold together the ;whole structure of mathematics — -or of any 
logic ai •subject. We have set-up, early to the course, |he basic 
properties of the 'real number system, such as the-oonmutatlve, 

' associative,'" and distributive laws, and we have pointed out that 
all^of algebra can be based on a short set of such properties. 

'The 'proafs supply the connecfions between those basic properties, 
rand' Bll the niaiiy Ideas which grow out of them become Uhe. whole 

subject of algebri. 

If then, we are solng to appreciate fully' what 
mathematics Is lika, w« snould begin to experience some of this 
connecting process m the chain of reasonlng=,-we 'should do -some 
proving, and not always be BaUafled with a plausible explanation. 
It is true that aome of tiie atateiuwuta wfe are proving seem very 

•obvious, and we wond&r, quite justifiably, wny we should bother 
to prove them. As we. progress further In mathematics,^ there will 

^be more ideas which are less ^bvibus, for which there will be a ^ 

real nied ,of a .proof . If waited until those more advanced 

a tags 1^. however, to start yvuviim, we would £^d it very 

difficult. During .the more i^lemenlary stages we should have the 

experience"of^seelng what ^^fef s are like and- d^veloplhg- tfbme r=- 
. ^ ft . "7% 4 ■ 3- 

'/•feeling; for the pontinuous^^^n of^reasohing on which the whole'^^ 
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Structure of mathenmtics depends. For these reasons we are taking*.. 
tCme to look ^closely at proofs of some rather obvious statements, - 

The ability to discover a method for proving a theorem 
1b .something which' comes by seeing a variety of proofs, ^ by 
learning to look for connecting links between somethli^. you know 
, and^somethlrig ^you want^ta prove^ by thinking about. th^.^gges.tlons. . 
**whlch"are given to lead you into a proof, - > ' , ■ 

. Let US use a secon^proof of Theorem 7 - ^ as an - ^ 

^exajiple. We want to prove that the reciprocal of the reciprocal 
of a ^ Is a . ' ' 

'It helps to write down what we know, Here^ since w#^ 
want to 'talk a^out the reciprocal of a and also the- reciprocal 
^ of the reciprocal of a^ we can wi^ite^ by the definition 
(a)(i) - 1 and (=) (--^) = 1 . " 

We should aliso wi'lta down v^i^L want to pi*ova. 

a • " • 

Wes^then look closeiy to ciiange tha thing we know into ' ^ ' 

the thing we want to prove. V/e may make a guess R.fter finding ^ ^ 
. only part of the pruof and try ^ uut to see v;hether the rest ^ * 
#j,y^|^ks. The fact that we want^ the number a on the right . ^ 
v^Sigg^fBts multiplying one of our given aquations by a. The 



i^'vpatt^ern on the left suggests that it Is the ^second of our given 
---©quations which -should ^ be-multipl vfey-aT — So v/e- try it . - - - 



..... , . ...... ........ 



a(i .^-)" = a(l), multiplication proptPty of equality^ . 

a ' *" . • . • ' ft^.i 

.sT '(•g'ometlmes we ua'e a'.dot to 

(a,. iv_i— .a , associative property of multipllcatlonj 

a' 1 ; - . 

a 

(1)*.^ ='a definition, of reciprocal, 'a * i = 1, 



i— = a ^ property of one 



a 



acercises 7 - . 6a . , ^ . * 

1 Find the reciprocals of the following numbers': , 
1 , 0.3, =0.3, 0.33, -0.33, 1, -1, , a 

4 . ■ * 

, y- + 1. 



' 2. For what real valuoa af a do the followlrig number^ have no, 

raolprooals? , . 

\ a - 1, a + X, - 1, a(a ^ l), ^^^^ + 1,, -^—^ 

3* Consider the senteiicq ' v -^"^l^^^ 

(a - 3) (ti + 11 - a^^^S^ 

Which has the truth set 'lCJl. If both sidei of the, 

sentence are multiplied by the ieclproctti of a - 3, , that is 

' ' toy — ■ , and some properties' of real numbers are used 
. ■ a- - 3 ■ . ■ ■ . ' ' 

(>7hlGh. properties? ) , we ubtaln 

ft , ' . 

For a ^ we have 3 + 1 ^ 1* and this Is claarljr a; false \ 



S'i 
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^ , sahtence. Why ti^besn't this new. sentence have the lame ti^uth" 
' sv set, aa the^ o^igtoal sentence? ' ^ ' ' 

4. 'What property of opposite s corresponds to/ Theorem 7^ 3 ? 
• What property of oppds*lt#s corresponds to Theorem 7 - ^ ? 
'5J "Consider three pairs of numbei*a- (1) a = 2j b ^ 3j - ' 
; ' (2) a ^ 4, h = (3) .a ^ -4^ b,<p. -7* Does the senteiice 

- hold-itrnie In all three teas^as? . ^ » 

•f , a b ab ^ - > § ^ ^ / 

■r'^^'/-' .^ ■ '^'^ ■ ^ ■ 2 - . ^ '7=^ \ 4." - I.— ^ ^ - 

6* Is the sentence > true in all three, Ga8es^ of pr6blem 

' 5 ? Plot the .y^eftlprbcals or\ the number' line, ' ^ 

7* Is li true that, if a > b and a^ b are^^positiVQ, than^ 

^'"^^ Xt*- ? ' Try this for some particul&jr'^alues of a and b.^^ 
B. Is It trnie' that If a > b and a^ b at*tf negative, then^ 

- > ? Substitute s-pmei ^pai^tlcular values of a, iind b. 

%.9y. Could ^ou tell Immediately, which reciprocgLl is greater 
•'than another if one qf the mimbers is positive and ^the 
other; is iTOpative? Plot uh the 'number line, ' ^ . 

^10. If a < b, and a and b are both posltlye real numbers, 

;^ o 1 « - 

, . prove that ^ > - ' Hinti Multiply .the inequality by 

■ (-^. * ^) / Demonstrate the' ftieorem^oh' the niomtiir line,- - ' 

' ., ^^a - D / ^ > ^ =■ ' . 

li* ^^^^^©3 the relation i >"i hold If. a < b and both a and h are 
, ' hegatlvet Prove it or disprov^e it^ 

12 • Boea the relatiori i > i hold if a < b and a < O and b > 01 



Prove, or disprtoye*. / 



in . problem *! above you showed that for ..three 'partipu|a]?;; 



ERIC 




■■ 4 , 



order to - te ' sur.e 'that it 1b ' trtie f gr -all TreXl- .numTperg ^ e^caBt 



-^'that the sentence ^^B'Uld 'tofr be -falfs 'tbr the ■1,000,00^1^ tea^?- 

" V/e can Qftenj^each probably c'onQluslonB by^obe^ylng 

. \ ./ " , - ' . . ' ' ' ' ' - , - • ^ " _ ^ ' - "''^ ■ 

. Vhat-hafipenB -lh a-^nUmber of particular' oCseB . - We , call this . - 

IndmctlvW rea&onlng.- But no matter how many cases we observe,; 

^T^imu- - - - y . ..... ~r ^ / - ' . . ^^ ' 

&uetiva reaBonlhg alone cannot aBSure ub that "a statement" Is : ^ 
SiViW^ true,. Thus, the fact triat , 900 .successive autoirtobll.es ■ 
have all stopped %t a particular red light Is no proof --that the' 
"next ■car Will also stdp; , ^ - ' ' ■ ■ 




■ ' While we c^nrjot prove tfla-t i ■= -=^^ Is _^always tru« 
.-by Inductive reas.onlng,. we,, can prove It for all non-zero real 
'humters by reasoning as follows: , > 



'-fheorem 7 .- 5 . For ftny non-zero real' numbers a, and- j^, 



i .1 
a 'b 



Proof: Since 
1 

'a- b 



(ab)(i.i) = (ba)(i.4). 



1 

ab .' 



■ t 



:^:-l€ ^follows ^that (isi) -Is- the -reclproGal -of- (abX; -that is,^ 



1, r 

■a . 



r 

IF 



# 





. \ ... 'V 



■ ^ 



?4 ■ 



•Supply ijhe reason for each step in the proof above. 

Can you suggest why wehegan this proof by starting to work on 
(ab)(i.i)?t_ • , . 



a b 



^Notloe how closely the proof of Theorem ff ^ 3 



^ V parallels the* proof that the sum J)f the opposltes of two , \ 
numbers is the opposite of the 1^ sum. fLeimember how this i^bu1%. 



was 



vedi 



; '(-a) + (-b) - - (a + b). 

. . ■ • - ■ ■ , , ■ ■ ' - ■ X ■■ ' ■ ■ 1 1 - ■ ... 

■ Jxerc-lses 7 - 6h . ^ ^ ' ' ' ' . . • ' 

V What Ipyi^he vaaue of 8? (-9) x 0 x i. x 642? ' ' " • ' 



L___2„.^-_Is_8jLa^7__= /O^torue.-sentenee-? ^Whyl-^__— — 1 . . 

3, ■ If n^50 = 0^ wbat^oah you say about n? . = \ v 

S . ,If p*d =-0j w^iat^ can you say- about p? ' * ^ 

. 5* . If p*q ^ 0^, what , can you say about p -ior 4? ^ i 

' 6. ' If p'(i = 0^ and we know that p > 10> what can we^ say^ about 



^ - ^'^ The Idea suggestad by the*abo^ exerclBes will be a 
very useful' one, especially In finding truth set^ of 'certain 
equations./ We are able to prove the following theorem now by 
hg "the properties'" of "reciprocals * - * - - - ^- ~^ ^ -~ 



Theorem 7 - 6, For - real nmnbers a rfhd b, 
— .^^.^.^Q^^^ mM'-^only* -^If ^^="-0 -^^-^^-^-q 





,:7 - 6 



220 



Because- of th© "if and only If" > we ideally must prove two ■;■ 

,tK;eorems.,; ■ .■ ' ' ' - ' '." . . ' ■ • ' ■.' ":f 

.Proof: If 0 or b = 0,,^ then = Q by the multiplication. ■ 
proplrty of 0. Thus, we have- proved one part of the theorem. 
- .' ■ "7 To prove 'the, other parr^^the'tKrorHiiirTro^fce-tht 
either a .= 0 or a ^ ^If a ^ 0, the requirement that a-- 0 
•or b = 0 Is -satisfied, -my? . ' 

If . a y 0, -then ° ^ . . ^ " - 

' .. ■ ■ ' • ■ 4#(4b) = i.O, ■ (Why?) 

^ Jrja#/' ' ■■ a ■ ■ , • „ - 



■ -Si'.-* . ' 




(i^)b = 0, 



(Why?) 
(Why?) 



"^l)b = 0, 
b = 0. 



;(Wh-y?)7 



Thus in this case alsq/^he Js^lrement tHat4s = 0 Is 

BatisfJLedj . hence, we, have- fe»o|red, the ' setr^Ad 'oarf^ the 



theorein. . 
' Bxerolseg 7 - 6o • 



If a ^Is : TJetween . 1^ ki 





•Ix v^lyi^^H'O^' "^^^^ muat br true-about 7 and- (x --- 
/* ■ iff '"^Sftri^p' . . .,■ • . . . ■ 

n ^'ba ifelual to 0?; What, about Cx:,-^^^ i . ■ . 

the onn^^ value, of ^ y ■ whioh will 



>laliw^ow we kno 



the 



make' gS ir >CW H 3;A 0 a true; sentence .Is 0/ 



ERIC 
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■'Pi 4^ 



Ij.; ■,;HQW-eWi we, . Without just guasalng, determine the' truth set\; 

' ' s ■ ' ^ ■ V ■■ ■ ; .' ■ ■. • ' . • • , '■; 

■ of the- equation ',(x - 8) (x - 3) = '0? ' .■ . . : 

■ 5. Find the. jfcru^ Set of each of the following equations; "i-, 

•■ (a) - (x/20)0s - iGof - o' (e). (x - l)^(x.^„a)ix.- 3) = Q 



- (c) x{x - 4) = 0 . (g) {3x ~ 

(d) (3x - 5){2x + !)■= 0 . '"{hj- r\x 6i;- .. 

■ . ■■ ■ ■ , ' ■ ' ■ ■ ' ^ . . '..i ........... 

■ ; ■ 7^ 7* ^fte two baslp operations ' and the Inveyee of : 
a number ivid^r these operations . . In . the last few. .oha^pters. ww . 
have fOQUsed our attention on addition and; rtultlpliqal^^n at^d . 
dr^J^f? Inverses under these two operations *^AAThgie fout anncapte 
are basic to the reil number s,ys tern. Addition jtnd multlplloae-' 



t-lon-have~a--number-of-propertles-~bv-~themBelvp8 , --and- one 
property eonneets addition with tra^ltlpilcja n^e3^ the r 

distributive property. All- our work In algebralc^sdmpllf loaxian 
rests on these ■proper%les emd on thi various fonsequences 'of 
them which i^^late addition | mul%lpHc at loq^ o^posfte^' And ^ 

4 . ^ ^ / ^ 

reciprocal* ^ ^ ■ ^ ^ . 

. . ,We have pointed -^ut that ^the distributive^ praperty. 

conr^ots addition and multiplication. It is Instrmctiva to pee 
Whether such a relationship t>ccurf fof every eomb'inatlon of 
...addltiorij^-multlplicatlon^.^opposi'te, ,and reciprocal ln_„pairs. 

liet .T^ write down all posslblf combinations.^^ , 



1^ Add.itf on _arid multiplication : j The;^4istr^bu^i 



property^ a(b ,+ c) ^ ab + ac^ . . r \ , ' ^Hi 



:-V- ■> 8----^ .,.22S-.5v: . ■■ : i-.,,..-; 

... ■ ■ .- • ■'■H' . ■ . ■■ ., . •■ ■ ■ ' r, ' - 

.-. •■ i '- 2*- ■■ Addltlbri ahd- c/ppoa'lte: " We' have 'PV^9^®^^^^'. ' x ' • • • _ 

■ .- ■ ' si ■''Addllslon'S.nd reciprocal: ■ W.e -f ind tha| ihere' is • ,• : f.v.y.'.^ 
• ' , :. • glmple' ralationBhlp between, i ^d -^r— In.fac.t,^ I^^^^^^^^^ 



." there are no real numbers at all'f^ which the^ 

■ . #3;press Ions' reiire sent the.^ same ' number .' This .vj 

: unfortunate lack, of .pelatlorishlp Is! conalderable. c " 

' ' of ti-ouble In algebra" for" students who j^uii thinking 



■ -assume ^hat '.these dxpresalons represen^t%v,aiuii% . ... . c^..- ,.. 
• ■ number. ■ ■ ," ' ';. ' 

^. . rtult'iplleatlon atid ; oppos Ite : Wei ha^e pVc 

' ; .(ab) = (-a)(b) ./V 
.-c- — Muitipl-leatloji--an(ftireci^rQcal :- - We~h^ 




ab : a b 



6 i Oppos It.e and. raclproca 



The proof may be obtained fromVKM^^qva 'by;-Bf"aitaoin^^^ 



This la^t relatlori,tls a new^oi 



b-^by -1/ The proof in left.. tA:^"WM 




any 



■Jr-r 



_ ' What Is the.' reclp.rooal 

--State - (1.),- .-(2.),_Ji|.-),,::;.^^.6^4%.ord.Si.,.;.I5^^^ 

similarity lA theae-^propertiWa? . Ixplaln. , 1^^' ' .f;l ^W'"'-- 

■ \e' . ■ ■ ■■ * ." : 



4 




- \''JSWbtf*actiGri^;iDjP.k ■■numbjei!;'''^s 'va<3dTtion* c^f . the. oppbslte'- 

-In -'Other -.^worda/ we. deflnedi. subtraction In terms,- of aadltion -" -^/M^ '-^ 



v;f.--..,.„.\ V-.- 



^ ';BM^ ' tHe' -i^ive'Tsfe' under: It i^n , 



\Ai: \ '\ \\ : 'Slne'e division" .is related" to muXtipllcatlpn%n"^^rauc>h 
v.- -'the. ^eamt ''way. .as subtrsic tlpn 1b" related.'.to ■ addition ,w we miehL ""- ■ ' . 

|6r .expeal' ."t^^q'Mp^i^.^ ,\d.Iy t^lon In.- terms -of ^multlpllGat ion arid the 



r,/.;.Uhi^ei'sf 'urtdki'rnA^i^t£^^^ This . Is-' e^cactly .what' ..do. 'v. 



^^ wiPor^ariy-^^^a^^numb 'and -b-'Tb 

-v-v', . divide^ Xby, ■vti^ ^m6.arls ■;. a tnultlplled b./ # /• t L-'- 

* ^ l ■* ■'. «•■", ' ' ■' • ' .■ ■/ ■ ■ i ' ■' '' . • 1% :' ':- . ^ 



. fg sHat^X.^nO^a'te jf'a ,ai-y'id"?,a.''b:j^-.-b'" by the s^bol. #■ .■ ■ -..Then'iithe ' /'* ^' 



■T^::-T;'.'^;''b: 



;(b=y-.t:)i:.;- 



• - ^lS iriCtFl'thrfet'lc^^ijA-rsEaili ^ the;:nwferat6r '.o'r.'^di^den^^' V ; 

;■ OTS.^i^t'an^, b \;!fcti'e. . de'nQriij^natQt' ■ or ■ dlvlsog .■of- . -.The resulting 
mjjfll'e^'-^ is called: the ftuotlent of'U./feS' t)''Qr the ratio- oi" ailo ' ,u 

%^-j;;SDtnetlH^.s Is 'alsov'U^rltt'SH/a/^ example..,' .' Jft'.' m -» 

■ ^ -' ■ " i^' ', .' 

" ■■■•3' ■ ■ ^ . c - 'ik ■ 3 V3 ■ ^ ■ 3- ' -2 .-'.k ■ -f M ■" 

;■— - - 5 .15. .^^ A 

:^ ' ^^^^O^.course> 'there is also the ".symbol (for*''" ' ' . ^ 



9 



We St ill^ shall -u 



-use ,lt 



11 we 'eval^'be at'le to aivide.by gerofV 



;:.S;lriGQ tfterev ape 



■■.^'•'^l^eh iato'ove^^ir^i': verified . 



there ai-e' flfteeri;^! 



^v ^^' '^IW^I ' diivlslon, is' vito; say^^^^ dlvl&ed ■ 



,:>t-H;.2,>'':>1#.v 



= '::.-5j. Vslnce (^ i) (.-15) = ' 3, ■ then 



-Haw m a?/ ' 

^"^T":' J"^- ^^^^^^ . .......... 

^ / : (c) times reciprocal of b, ■ f 



4 . « 



. I' 



(d) C ompai^e your ;resul«t s In '{ a h. (b ) , arid (o ) . 



er|c 



2,." ' ^dv the 'following, do. parts (b), (c), and (d) In^^ated ^''■'* 



28' • . ' ^^^^N -5x- ■ / s B 



(11) f ^ ^ ■ ^'(i^,)' : (vi) 4 

3 ' . -6 ' 

(vll) The- quotient of 8^ by 4 . . . 
^ ^Xvlil)^ The numerator Is 28 and the denominator Is 
* (tx) - The ratio of —5000 to 200, 
. (x) . The divisor Is ^ - and the dividend Is . ^ ' 



(xl) - The denominator Is -^^^ and the numerator Is 2* ; 
(xll) 12 ^ -l7 ' _ 

"^^s ^ In problem 2 (xll) . you found that to Indicate the. - 

dlvlslonj -you wrote — - . When you asked^ "What numbef-multipiled" 

17 , . ' - ■- f 



by IT ,sive^^2?'" i the be st'^ way you could ^ answer was to write 

•v-' ' • ■ ' ■ 12 

thef fraction * When you multiplied 12^ by the- reciprocal 

^ . — . .• ■ 17- > - > ■ , . ■ ' . • . 

of 17p-y«OT got 12 • and could not go further. ^ ^ 

' Pere we have another example of usli%1the s^l s^jinbdl^^ 
this time the bar^ betwe^en the 12 and the 17^' with two d^feSInt 
meanings J but Still being able to^%perate without oonft^Eon^ 
Since 1$. divided^ by 17 gives the fraction ~ ^ it does, not 
:mat tbr whether we^ In terpre t the bay as a eymbol saying "dlylde" 



■' 

■. ; oi as -symbol between ■ the' "numerator .and tlae. aenomlnator. of a 

" ■' . fraction. This,, ificldentaily, explains why we, use. "numeratpr 

. ■ ^ ' • ■ , ■■ ■ -■ ■■■■ ' •. ■ ■ ■ „ ■ 

. - --. and denominator" IhterchangealDly with "dividend -and divisor. 
,. ■ -. -.- , ■ '" ■ 1 ■ 

,, • ■ Actually, we have a thlyd meaning, of the ^ l"*^ '* 

■ ler 




^ * where It indicates the' reoiprocal- ®f 17.' But since the . 

•••.:;„•■ : reciprocal of ^17^ and, the. fractfen. , .and' -the result of ■ '■ „^0^:^^tl^ 

' ' . . - ' '. . ' i ' , . *.. 

^^taivldlhg, l.by..l7,*are all the same number, we may use ^ the bar', ^ 

" ' ■ vflth,any one bf these th^ee meanings,.. ■ ^ 

,The .a^greement we\flrid be^^^ the results ; In par^bs , 
(b^ and /(c) of Exercises 7 - 9a, suggests- the following tfieo^e 



Theorem 7-7.. If -f:'^ 0, then a =' cb 



lfland_-bnly_lt ° . — L-^l^— .. 

This amounts. to saying,. that "a divided by b' is -the number^ 
Which multiplied by b.'«pi.ves a" . _ '. - 

■ . Again, in ordeii to prove a theorem involving "if, 
and only if" we must prove two things. First-, we must show 
that if - = c (b ^ 0), then a - cb. The fact that we want 

to obtain cb on the right .suggeslfs -starting the proof, by 

- " '"' a' v. ' - ■• ■ " • . ' 

multiplying both sides o_f , c^by , b . 

Proof: If I = c Jb 7^ .0), ' tben.a-i = c, 

(k'^),b = cb. 



a(|^bLL^ oh, ■ : 



a = ob. 



.r^¥^pn4, we muat show ^ that if a ^ cb .(b ^ O) ^ then ^^g. This ' 
y^^tfrafe^^; the fact that we 'dp not want b on the right suggest^ ^ 



which is pasiible^ -since b ' 
Proof: If a ^ cb (b / O)^ then a - i = (cb)i 



I 



1 -, 



a • i c 



^ - c 



-^Supply the. paaeon for each step of the above proof e *1 ■- ^ , . 

i • - ■ ■ . " • ^ i -. ■ "' ' ■ ... 

A - . - ^ ^The ^acond part of this -theorem supports our customary 
method (^ checking division- by multiplying -the quotient byvJthe 
■.divisor. \ ■ ^ - . ■. ^ r^. • . ^\ ^ 



^^^^Kerclses T - 8b. 



; .-- r - ;; .. ... .. - .--^ . ... .. .. : ^ , ^ " ^ , — " ^ " . 

1.-^ ■ In the - following problems perform the indicated divislonB 

- ...s^ ... I , ■ ........ "• . ; ■ - ■ .- . ; . ' ■ ... 



/and cheak by mtfttlplylng the quotient' by the/ divisor, 
(a),^ (d) ■ (g) fPl" (J) i|a 



■3 . •■• ■ ■. 

' 2, Comment on — ' .■ . ^ 

^ 3^' When- dividing a positive number ^fji negative number. Is 




' * = the quotient poslt^lve op Is It negative? What If we divide ' 
; ^ a negative numlDer by a positive liumber? fhat If we divide 
a negative number "by a negative nijmber? i 
.Prove- that a quotient ■is poslt3,ve If its dividend and ■ , 
divisor' are b«th- positive or both negative, and Is negatl^;^ 
\ If on%*"ls positive and the other Is negative. 
5.- Show that 'if the "quotient of two real numbers is positive, 
■ - ■ the product of the numbers also is . positive, and If the . 
. quotleqjb Is 'negative, the product Is negative.^ ^ ____ 



•Find the truth set of each of the fqlloii^ln^ equations i 
(■a) 6y =i2 I = =21-+ 3 t 

(b) 2i--?6 7-N 3; . 2- ' 

, ' ■ (g) ■ ^b =,1 - ^ 

• (c)' -5z = -20 + a 

(d) 3x = 7 + fx , ■ , 



k : ^ ' 3 
(h) 38x = D 



7. In problem 6, can you" suggest more t^an*one way of finding 
■ ^the requi:^ 'truth sets without guessing? . — 
-.^-S.^If lt takes ^^of -a -pound- of sugar ^-toj-make^ one _cake^._hs^_ 
- / many -pounds ot sugar 'are needed for 35 cakfes ior^ a bariquetT 
9. If six tlmA _a ixumber Is deepeased .by 5^? the result Is -37." 



Find the -number* • . . v , v- • - ^ . ■ ^ ... 

in If two--third¥^ol^^umBl^l¥"Md~gd^to^ t^^l f ^38i 

What, is _ the: number? . .'^ , ' . . . ^ 



.20^0 discount sale, a c^ialr^' is' marked ^30. 00. What - - ' , 
was the price "of the dhalp before- the ^-sale? , , . 
12, One -half of a nimber is 3. more thin one-alxth of \the sajne, * 
.nximber. , What is the nulhber?^ ' t' - * ' - 

t 13^ Mary bought 15 three-rcent "stamps anc[ some four--cent stamps. 
~ - ' ir she paldSl^SO for all the stamps, was. she charged the 

_ ^ correct amouijt? ■ . ' ' - ' ^ 

'j:ohn has' 50_ coins which are nickels, pennies ^ -and fllmes. - ' 
' He has four mol^e dimes than' pennies s,'- and -six more nickels ^^^^^ . 



s S 



thaja dimes/ -How maji^ of ^ each kin of eoln hae^he?' Hot7 
.^much money^ does he have? ^ - ^ : . - - 

15. ^^hn,- Who iB saving his money for a bicycle, said, ' "When 
I have -one dollar mor^e than three' t_lm^s the .amount X^ow ^ 




- ^ have, I will have enough money for my ■ftloycle*" ^ 
- , , bicycle dosta' $76, how - much money ,does- John have' now ^. 
16 . two trains leave New Yotk. at the same time j one tpayels . 
f^^^^ north at' 60 m.p.h. and the other south at '40 15. p. h* Afte^r 
how^many hc^rs will: they be *125 miles apart? - ^ v. ^ . 

— 17. A plane' whl6h jf^es at a average speed 200^m.p.h. (when^ 
' p6 wind Is blowing) 1S| held b%ck by a h#ad wlad and'tak^s . 

. si- hours to complet^ a^tllgnt of 630^11es. ."What is the • ■ 



2- 



= average: speed .of -the ^wlnd?.v J^^^ ' . 

18 . ' The supi of ^hrae suafeessive'^'i^sitlve 'integers ; Is, *108 k . ^Flnd 

the' Integers . ^ ^ ^ ^' \^ . % ^ ' 

JX9 ^^^The^.,sum,^Qf-JtwoJsuca^a^lk^^^ 

■ \ 25. -Pind_tKe_^lnte_gfers^ ' ' / ' ' " , ' ^ ' ' 



20.S,AFlnd two consecutive even •integers whose* sm- is /^6. .-I 



r 



■'>21ir'- Fihd "two consecutive, odd, positive 'intesers .whose.; sum Is 
■' 'less than orseciu'al to .§3. • ■ . . » ' ' 

-■•'■^2 -A merchant, made a 'mixture of 150 lb. of tea worth -ft 109 .'56 
5V!%S'''l*^br to a pound with- tea worth 65 6ents- 

lC'S-;A^,"^^pund.^ . How many p6uqds of each k'lnd did, he' use? ' , , 
■'''23/.' Hqw iiany 'qti,artB''of. permanert antifreeze must: be*- added to 
^ . ■ 3.' gal f of va" 10^0 solution to make It a-'25^o solution? ' 

7 --9. . Rational number's . /We 'find t.hati.niany numbers 
''.'can be expressed as t^e ' quotient 'of .-^wo Integers..' -(What .Is' an- 

■V J ^s".-mv.-^ * c ' -10 -i fl7' 387 . ■ 
."'Integer?) Thus, -5 =-2" * ^ JoO ■ ' ' " ' * ' 



2. and — are already written quotients'^ of .Integers'. ■ . • 



, ' ■■ .We- quite naturally .ask whether every ' real number ' bah" 
be, written as a^ Integer .divided by sn- mteg^^-^SyppoBm vie- ^py 



a few. • " . ' . 



, Exericlses T - 9ar. : ■ ■ . , ' , , - ' 

In each af, the follQwlng, try to- express the' number" 
■ .'-as the quotient of ■ two integers. Is It possible 't.o dp' this in 



more than' one way? 



1.-3 ^ 5. 66.11 '■ ■ 9. V? 



< 



1.2 . . ' ft J. . . ■ 10. "^•0.00& 



.-..-.^i . - .'\ ■ ■ -'-v.e,- v-^;,,.,. .-.:;v. / ^ * . . , - . -■ .-. . 

■:^v'^ hot" 'ha^ vpu^^ forV-theee ' ' 

•>j;/mmber3 .//;,i|ia^%^^^ slyaia/ p^dv^":thaty^ cartnot be writ t eft ,'|.a. . r -- 

tHa' quotient or- \tw a'' dnte'ge^^ there are mahy. stich \- - 

humVers '^hlqh^^ of any ^integers ^ . / • ■ ^ 



humtiers "f or 



■' ■ ^ ' ^ ■ ' ? pame ; rati anal 

/ thb¥d!;huMberB -whidh can. be e^presse& as .the . ^" 
^'-'^l^^^^^ ;7r^r:Q:Uotl^nt.' of twa 4b;tesers , " All '-ptHer - r^al - 
. ..^^^^ - -jy-^ ,/,,p,nd otters 

V?'H^^^^^^ wh±4tir^yQU. have-n-ot 'yet^ met) we "stial'l ' . . 

n;.- li^ational rnwnbers . ;■ i ^ ■ - " ■ ^ 

•• Exercises- -,7 ■♦< Qb . .■ w'^.^ ■..,•>' r 



V-'"- 1. CQSeide-r. the i^bllpl^j^^ nLOnbere^ of * / ' 

- ^'tiie ' f orin (h 4 6) '"where a •i.^nd'-^-.b . aj?e Integers-, ' ^ ■ - ^ 

■■Vr^V''>^' ; Thejset: of ,al£\lnt?Eej's {b- ^ .l,) . ^ ^ ^ - . 

B>*^^jhHS,;^^s:et^ of ^:al^^ a^tege^^^b-^jl^. a; - odd^^lntegerO . 1 . 

^ / '"^ -^"-V *t ^ v' ^ ' y^ " 1" f;- ^ W _ -V" ^^'"^^^ ' 

C i-'^Jhe :'set .iof^'ail national." .nurabeM iiavj-ng- b''--iO- ; : 

\>f^D':^ ' The" ee^tAof al! rational .nWbers havlri'g b ^'p "^, !\ " . 



://h-J>^i,-?E^. , ,q^a'-Bet o^^vall •^'atlbnal riumber,a, having % =■ 11' 



l.\. GraDh/a'pHrtlori of &ach -of ^the sets- A to E on separate.:-. 
^2._- For eaq.h of-, tfe.^^Qve -setl^ decide whettjer^ the_ set ' laj-plosed*-v.v^^^ 

-VIS : ^ " / ■■ ^ , ■ ' ■">^ "'^ . 

* • under /addition iS'-Explalrfv t - , 
- 3; ;-.Pti';»;'each of - the* alDbye.^ sets^.'^ecide^/hether trie B&t closed 



- I 



■■•.0 



7 f/'n 



l^. Is- set;, A- a sutoset.-'or . any' or;-cne o-tneF-atsuB.- J-A " 



-onea- 



^-^.i^- - _4- Jir 



• ■ Descrf&e the . sit whlbh.ico^s^df ,all' the. n-umbers whiph ; 
are. In-botK Bsif C and- set ^D. (Th^fc^t ls-.cfi.'llaa the' '.;.; ;■• 



. I 



IntarsaetlQh 'etf C and D.) Deacmbe 



^he ^Interffeotlon.^of 'A- 



' 6, 



^nd"E.. -Of A and D. Of B;and-C. 'Ot,C and E. ' . • |- . 
Describe the sfet wt&^ cgnsists of .all%the numbers which;. 
■ are in either fse* |; or set E. ' OThls- set la called the. ; y 

■'lunion" of B afid E.) ' Describe .th#' union , of C . and D. Of A; 

" ' - ■- ' ' • .. ;* . ■ • _ i .;. .V ^;;-i- ■ ' . . " - ■ •■ -^v' 

7. Ib^^^ aet'of all ratlonai- numbera ol&sed under addition? 
■ - lin-der'^ s ubtraction? Under muitlpllcg-tlon? Under- division- 



excluding dlvlji:on by o)? 



; ■ , "7^ 10.' Fractlohg . ■ In arlthmetlp a fraction Is the'; '•: 
"quotient ot two -c-ountlng numbfrsj so you .see -that the = rational 
numbers Include the fraotlpns'l as .that^wo^d^ Is used In . . 
arithmetic-, '-Now we shall Ua e ' the ^ word "fractlon'^ In a^^JKiQ^er - 

■•- ; ; . : 1.' - _ ■ „ . . ; . ■ ; , * ' . , . ,.v; ■ ■ ^ 

sense. . . ■. • ' ■ , , . - ^ 



/ Any quotient = , where a and'b are^ any-'alsebralc 



'pH^^^"fb~^-'blT"w^lll"m~ caXleaT^a -fractlonv 



A 



■For example. 



.a + d \^^ '' 



. ■7x^ - 5x H 13 
X - 2 ■ ^ 



V x> ■ ' 



all be ■ caliede- f rac't ions . 



( 



ERIC 
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'^■^""vSValso shall develop moye-algeWaic t e'c'rtnj-qae 3, \r'^f'V*J^' ; ///.^ 



Let us first' consider multlplloat ion of ,;fractiona-. -slri/ " xcj-i 
6ithmetlc wrote -"f x. | ,Sinc#"f ract'ion^.^ar'^V,/^//?-^^^ 

quotients and we -find quotienti in terms of- ?eelproeaia,, ■'we \sh^^^^^ 
.first examine 'f^/oducts of reciprocals, such as. i/x — . /Theh..we^-'|.' 
\Bhal^-be abl^ t-o prove 'quiclcly that w® IJlultiply-/f^^ctlbns^ ' • 
' involving realn^b'arB Just as yoji^Jd In arithmati^e^. ^ 
^ . V For products of rreolproealB, we already have a theorem: 'v'f J/ ;;! 
; '(Theorem J'- S^lwhleh .states thaty foi^ all nOn-^ero a^ and >^ - V ; 

' ,.- . . ; ' , 1,1 I .L ^ ' . ' ■ ^r^- 

• . , ' ; , • a h- ; ab^^ ' ^ ■ < ,> 

- ' ' Now" apply the definition/ of d*iya,sion, i - x ■ — and'thtf-,. ' 



following -theorem i^ readW-y proved . " 

/■ ■ " . Theorem 7 - 8. Jor ^ real ' numbers a,^'^, 'c, d \ 

^(b o; dV oK , ' - ,: J ' . 



ac 
bd 



) ('why? ) ^ 



• ■ ' '1/ ' 7, ,5 35 ' 3 t _ -at 

For example, -j'^ - ^ 3'' 5 " 15 



■a 




operations; 

16 .Td' 



. 2 




i'B'. ' Is -^vejTiy-^ rational number a''£j"ietioh?'; 
' ;,h;0^atlonal number? ^E^plain 



.V,'. Im' il • t V* ' M^^"" ^ - fM;'VAi-..A",, JV' A% fell '-^5>."^7'i'.ii' "i^.i "l"- -'^.i 



^ , ' ' " 1 " I- 



''v'.;- 'How ban we find the truth sef-of ithe equatldn 




9 



One procedure is 'as .f Qirbwa : ' If < there -Is ^a^ nvRtoen .y -f or ^wM^^ 
; the .sentence is' true, then the 2L^^it4:On\^rQpBr^y-of'^:-- , 



equality^ 



'2. 



' ' ' I 



■ :7' ■ 
,1 



' ■ • 'lI ^ '■ 
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1 orie oribiiit Ibn . . By ^ ^ 
bfles/ of ^the aq^atipA 'to'^cd^^^ 




"b^-us-mulMply^o^, sides of ,«.' ■; 



■ J\],\\,^py, T2.y "giving equation . 



■1' 

-jli H, i, v.,-;. Y „, u , '■. ■ 



Va 




(Why?) 



\ Express ih'your' oyif 'wopds.a 'grgcedure f or' rllpldlng 'an 



\ 



tquatlon^ 6^ "fract ton's, -: ^. { 

■ ■ ■ • ■ ' ,\ \' * ... ■ • 



Idlng an \ 




J. , ■ ' 



We^aWmrlier -that ,a-.fract sT^ch as ^, \, •, is, of ten 
■ e-v'ir;,lV'i,;.'.',\/.^...-,:v*:,.' ■ . . ■ ',o - ■ A ■ '.^lA'^ ■■• 

■cailtdL"' tH'e'^ ya.tlo- 'Qf .'^d. 3, ,«( the- ratio . V/e also, call a,'' .^ r: 



■ ' ' s ent eno'e ' In' 't,l:>e . " f di-m ■ 



s « 

■ a. 
■Id 



3" 



-V 



a . pr-DPOrtlon . -'It, is' read.' "a,- ' b, >^ d- are,. in proportion .J' • 
-.T=h*se.-wdras',tar,G. eonven-ie.nt x^hen; we.are. us.ing division to.sho^ - 
.ttie, relative 3lze; of^wo nuijbets..* Since, a ratio, is a , f^r^aotlon, ; 
. and a prdpof tilbh is " a. simple /sentence^lnvolvlng^-tito .f-ractlon^., ^ ■•. 



/•these Wo- Korda, are Just names for things with which we are;;''^ 

'.^ arl-ready ;famill^ .' ■ .[ ..^.•,'\., 

L Example :' Jwo partners in' a firm are to^ di^^^ .the -prof l^s-.ln > ■ 
-tik -ratio- ^ .■ ■ If the -man receiving Ithe larger share receives,; 
.^8550, how- much, does \he -othep. partner* recel^^ ^' ■ , 

- ^ . " . ■ ^ ^- ' ■ ' ■ ' ' * . ' . ' 



-:]<: 



r 

' I 
•l' 

r 
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f:ir--7 -.^Vit^^'^'f -tbe' ^mailer share, Is: ?; ,doJ,lars;- :t]ien.''^|^ . ■ .. 

v^il.VJ ' ...w • P'--'' 51 3Q , 3 1710 '. '3' ^ ■ \ 



■v-"-Hehce^ 'the: smalle;? Hare ',1B%1^0.' - . ,^ . . ;■ 

,'■.•'■•..4' ■■ .■ 7:^' .\ > ■;■ ' ■ ■ ,. ' 

>.A' . ' 'Notice .hgw.saylrig that 1^rte shares are' to the- ratio 



'••'1' 



leads , naturally ■, to ; writing ' the propojtlon - ' 
"i'V... r • ■ ./ t '■. ■ ' .'f ■ ,0550 



3,r 



.V i, In a ;c.eA'iln :Schodl .the .ratio p:^ boys' to gl-ri^wks ^ . ; If 



'there '^'wei'e 26.00' st'udejits, In/.-mW school^l,hp w- Ja /y' .girl's were ^ 



there? 



■7^ 



2. ''In' a sjilpmenf of 8oq..radlo|> ^ ^of the -^aSlos w^re ■ qtefeptlve. ■ 
vmat Is £he:ratlo -of defective ra'd'-los tq non-defee-^ve r radios 



, in the. shipment?. 



L • T^e ratio ofV aeul1iy','to' s.|^udenis- Ima- cdllege is ■^'.■'■If 
■ there are 1197 st.udentB j ; how, many faculty -m|mbars^ara ther^? ' - 
4. If ' two" numbers aj^e in the ratio — explain why-we '^ay ^ . 

- reDreient .those numbers as Sx^-anfl 9k\ What ar,a thfe numbers*. 



■5. Pro.ye that If i =' = ^. , then. adN= •' ■ ■ ^ 

■■■6".- " Prove that If ad '*= be and h/^ 0 and^d 0,. then |- ■=;4. , 
7. Show, using' the propeS-tl'es .of on'3, that t^ proportion I' 



6_ 

15 



is 



^5 



Si. 



\ 



f 



/ ■■■■ ■■■■■■■ 
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7 --Ml. Property of -one , ^ You hav.d Idng toown It^^' ■ 



'.-^Wlthmetlc how to simplify to - - .Hqw do we:know that tiie'sej /'^ ^ 
.'two fraectlons equal?-' Does It help to^wrlt-e ^ as ^ ' \ 

X^hat is tha,3£Ttie of - 1? Dq you see how^the number 1 la . - 

^Involved in this sliiipllf lotion?* , , ^ * • /f 

;'" .■ 'A ■ .. ' . •,• i ■ ■* * ■ :- 27QQh - ' 27 ' 

' Show Blmllarly how the property of 1 explains why Jj ' — . ^: 



* ^ In ord^^ to^extahllsh this ufe gflfor all real numbers^, 
■'-we.prgve the followjbng theorem; 



•i. .. ^ ; \ 



^ . Theorem 7 g/.-^^B^r any non-zero real number a^ ^ ^ A* 




ProoT: ^ a .- '-1^% ' (Why?)- ; 

' ''..{Why?) ■ , 



^ - In- orderV'to/ simplify 'factions * we -shall use Theorem 7 - -9 
and the property of 1^ -fehat n-1 - n, f - ' . 

Thus - =. = S^.-l , = '-ii ^ 

'"^ "^''THi?^^'yotr^no^ 

' . , . . ■ /. _\ 

factors^- The reasonl why you can Write . as Is that. 

you know H;hat "5' and 7 and'x and y are all factors of the 

] ' ^ - ' ■ . i: 

numibratpr^ and^ e arid >7 ag^d x are S^etors of . the denominfetar ,^ 

V/e-J:hen^'use the commmtative and associative properties .to ^ ^ 

arrange these, factprs' so that^ fraction of 'the form ^ is 



. obtained , 




* ExerelseB 7.-' 11a, - , , 




Xn thp' ft)llowihg^ problems^,* perform the ±lidlQ,a^-6ed operattens ■ 
and^ slmpllW'the^' -results^ showing it He .ub^ ^of the properties .of 



1. 

■ ■ . • . 


' 55 *■ 


1 ■ 

7. 

* ■ 


6n^ •■ # 

J7n ■ ^ 


•• a. 

r 


6y • 


i 8. 


•■■26aw ' 
2 Saw 




lOp ^ 




13.0y' " ■ 


- . : . : *f 

- »- I -- 


. 12 • 4 


.10. 


2a" 3b 




, 


, 11. 


(-6x) 


6.. 


20 , 







1-2.'"' i^H^) 

' 6.(a -!■ 



•I'lta 

15. -J— .£-t-a 

^ p •+ q -.27 



1;- 



.-^ --- - -- - ' „^ 

'^f?: We saw In the .'above fexerGlBas how we are able s^lmpllfy< r 
fractions .If there are ^factors whloh are .the "^ame. In the v 
numerator ahd denominator . On the other *hand there are Bome 
^Ituat^lons in wlilch. it is aonvenlant to IncreaBe/the number of :^ 
factoi'B in a f^actlonjr "again wa can use ^ the , properties of one. to 



^suppl-y~the^faejtars-^we^.naad^.^-^t 



\ For insta^ace^ how caja we^ compare — • l^lth . to^ see .which 



< :lS' M'eaxer?. It is eas*y to compare = and ^ because^ their V 
denominators, are the same. If we cQUld make the denominatOM- of 

■ ~ and; ; the 'same w^lthout ehariglng -the ra.lue of each-'fradtlm, 
35 . , ' 42 1ft . i : M \ . 



.31 



■ *4 
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eouM' make dur eorfiparison ea?iiy. ^ In the. f ollowlTig series., 
^''^-oermltted -t© ^ perform it. . ' , . ' . . 



'V/ftloh number is greater ■ 



35 , 






41-' 


hi 




h2 


"' 6:7/ • 


■ 1 


3^ 


3l'-6 - 




35 ■ 


~ .■5-7 6' ^ 


5-6-7 




ki 5'' 


205 


Jl2 


"6-? 5 





. another ekaipple the use of the -proper.ty of 1^ conslder^ 
the following division of ^fr^agtl^s: ' ' 

Tx" Tx:^ 15x2 \ 5x z^-^'' ^ 



gx" „ . 5x- . 15x- ^ V 5x / ' I 



^ (-3a^).(3x) (9ax)(-a) , 9 



ax 



(.2a)(5) .(lO)(-a) .10- 

vmy did we multiply by ? ..vJhat led us to choose - — g- ? 

15x® . . . ■ . ■ I5x 

' " ' - ■ •' ' ] ^' 

Can.you suggest; in what other situation wft need to supply 

................. ^ , . , • = . . ......... ^ - . . . : . S - . ._ ■ 

^more-fact or 3-^ln _.the_ .denominator, of _ a_f rac_tlon?____J . 



ExBrclses 7 " lit). . ' - ' ' ' ; 

1 Find a f inaction eaual tl the gl^en f ractlpn- vjlth the 

■ indicated denominator, showing clearly your use of the, . 

■ ■g -' properties of 1*. For example. If we want a fraction with 

^ . ■■ ■ ■ V 

■ ^ lU5\ ' ■ " 



V. 
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\ 
\ 



' ^ ^ dene 


iminator S 'anS^ equal to , we wMte 


5 
. 2 • 


4 ' 
? 


20 ■■" - ;• . 




\ — . ■ •■ ' ' ■ . ■■ ' -. 

• ^ with dfenbffllnator 36; ■ . " 


• 








— with, denominator 24ab, 






• •. " a ' ■ : '.^ 




-3 ' ^ ' ' ' . ^ 
with 'denominator 30. f 

, . % ■ ■ ■ . • , . ■ > . . <!». .• 


■ 

: r . ^ ^- - 




f - . 


■ (dl 


. ^* With denominator V7b ^ 






\ 


(e) 


—is with denominator 3y?w^ * * 
^^yw . , ^ ^ 










^ with denominator 21,. \ 

-7 ' ' 









2* In each of the following pairs of numbers ^ determine which 
nwibtp is greater* . . ■ : « ; ' . - . / 

' ^2 '36 - 

and , ^i^:, ;. > 

- - v , an(3 - — I- 
^3, Arrange the f ollowln^^-^^^bers in order of magpilb^d^* 



(a) 


3- 


and 


6' 


^ ' (d) 


,9 




•11 . . 


(b)' 


13' 
". -8 


and 


11 . 
■ ■ 6 . 


■ (e) 


Co) 


67 
■ 70 ■ 


. and 


57^ 

- w ■ 


if) 



-7 6 11 -3 

12 .f 10^' n ' T . * 



4 w Prove the theorem: 



' If ■ b 0 and c ^ 0, then"" |S. = § . 

\ -be b 



5 Prove " the -theorem: 



If. "a 0 - and' b ^ 0, then -t- 



a a 



% 
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Find .the -brutll' ae.t of each of the followlns^q^uatlons: 

— 



(6) .. I . --3 ' ■- .(f) Jli . , ■ • (1) ix. + 

'■■ ■ ' s . 

■- . -■ ' ■ * . . ■ ■ . f ■ 

• CSin you flescrlbe inore than one vtaf of finding 'the truth 
In ppoUlem 7(a)? '\ . ' ' " " ^. ' ^ 



r • 



:5f;,.9-;., Whlch,,ls gpaatery ^ . og ? /.rf 'tha nmera^ors' .ofr.tWQ - ! 
— -f v'-v^^^?*^*^?^^^.^-!'^ ."the the depominatbrs- are different ^ , : ~/v 

, . ,r^B.na, Sll art , positive nmaberg^ ,how can -you tell in gendral ■ 
, I." .tthio-h Is t^ie greater fraction?. % - ' . V ' " " 

^ . IQ. iJhich Is greater for any^osltlve real' tiuniber 3^/ -^-^ — or, ' / 



7 ' ^ . ^2 Adding, frad talons ? Explain each of. the steps 



in thej^llow^ng 

L In, general. If 'J and ^ are fciic'tlorls' '('with, the same , ' 
-^enomlnatorrJry^hfelT^-^si^^ — — ■■ > . — ^ — ' '"^ ^ 



a ^ b ^ a + b , 
c ' e ' r « c 



-.^ .... 

How ahall we add fraotlons when thblr denomlnat:prs are not' 

the same? If we are going to. calculate sums such as' S + S . 

- ^ V . - « 8 2 * 

we must change the ^foi%i of one or jnore of. the fractions Involved 
SO that their denominators beebme the same without changing the 
value of any' fractlTon. ■ . ; ' . " , ' ■ . . . • . 

(i) =.l'+5.i'^ 3-20 _ 23'^ -^ ■' . ' 

. ^^-'^ .4 ^ f, ■ 6-'2 ' .12 ""Ti = If - 

' ^ -a. + 2b ^ Sa -'b » + gb ;3 ■ 2a b 4. ' • ' 

' ■ * • ^ '3a--+ 6b ^ 8jL - 4b- - 3a + 6b + la - ih 'Q lla 2b 

In this third example, the 'srtell^st number which Is . a multiple 
pf both & and 6 Is £4'. ' " , . ■ " ' ' . 



erJc 



_ suri'iOjLen'C" "CP -iina x^iiau riuiuuex; wiixui* wjujljl m^ow o^iv^^ w**v=, ^ ^ 
same'deriominator for all the- fractions , In next chapter we . - 

''^■^simlT'lfarn ; hoir wKh ^tihe' help" H"'" iac tops; '•we 'may 'f Irtd ^ thatf'-^" - 

. - ■ " . , • . " , ^ 

number systertia^ically In more complicated, cases. • 

Exerea^es 7 - 12. ' • ■ 

1. Perf oto the f.ollowlng additions and subtractions,, us log .the 

■ forim indicated in the examples above: '. . 

5,2 ,}s ..-33 



(by t4 - # 



10 ^ 5 . a 2a ^ ax'^ 6x^ 

\ (c)- i + I + l ■ (^) M . a_ - ^ . (1) + 

^ 2 3 i; ^ 35 ^ ^ ^ 10 2 

2. Find the truth set of eacK of the following equations: 

. Cb) .iy_l„I- , • ■ (f) _ |y + ^6 > -3y + i . 

• ' 5 li 10 . ^ . 6 , , 2, 



^,'3 6 9 12 ,2^ 

(d) — + —X ■ —X 

- 2^^ 5 3 3. 

' '3. Prove that =, + — ■ --- ^ for real numbers a, b, and., 

I C C 0 

\ Prove that & + ^ for. real numlpars a, and 

■ ^^^c^ d cd 

d (c ^ p, d^/ 07>^^ 
^ " 5* ^ Why do we not need a separate theorem for subtracting 
frac^tlons? 
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The niimerator 'of the, fraction ^ is Incr^ease'd by an 

, . / ^ ' 21 

amount ^.wa8 the .numemtor Inoreased? 

of a number is 13 more than i oT the nimber. What t^s 

the number? V . - 

- 1 ' - ' ' 1 

Joe "Is i as Oia as his father/ In 12 years" he will be 

as Old as his father then Is. How old Is Joe? His father 

The Yankee ''S on August 1 had won 48 games and lost 52. 

They, have 5^ games left on their schedule. Let us suppose 

that to win the pennant they must finish with a standing 

of at least .600. How* many oft their remaining games must 

they win? What is the highest standing they can get? The 

lowest? ' " — ^ 

The smn of two positive integers Ifi. 7 and their ^dlfferenoe 
is 3/ What are "the numbers? Wha'^'-is the sum o^ the 
reciprocals of these numbers? .What is the difference of 
the reciprocals? . 

(a) If it takes Joe 7 days to paint his house^ what part 
of the Job will he do in one day? How much in d days 

(b) If It takes Bob 8 days to paint Joe's house^ what 
part of the Job would he do in one day? In d days? 

(c) If Bob and Joe work together what portion of the Job 
\ would they do in one day? What portion in d days? 

(d) Referring to parts^(a)^ (b), (c)^ translate the 



ii 



——XSoive-ttbls open sent d. -- What does d. M^^ 

(e) ". What portion' of .the painting will Joe and Bob, working' 



'pogether^ dd In one day? 

7 - 13, Complex fpaotlonB , If fraction t^as one 
or more fractions in its niimerator or d^^mlnator. It Is called 
a ooinplex fraction . Consider the ekample: 



3 3 3 3 



+ - o + 



k. 8 12 + 6 ' _ 18 



2 ^ '8 2 8 " ■ ■ ^ 

8 

Observe that multiplying by 1 In the form ^ 
^Imlnates fractions from^ both the numerator a^id the denominator 
In this example a number of steps were do;ie mentally Flrid 

those steps and explain them^ giving the properties used. Why 

ft ' - 

did we choose % ? How could you decide In general what niMber 

. . ... ...g ^ . U;.. : . . _ . 



to use for this purpose? What number would you pick for this 
purpbse?N^What nmnber would you pick for this purpose for each 
of the following examples? 

' ^3 ^ 1 i . 5 6 

2^1 1 + i i ^ i ^ 

7 3 \ k 2 X y ; 

Ixerclses 7-13. Perform the indicated operations In problems 



2. 



S " 



3. 



8 - 1| 



1 1 



1 

3 



1 



11 (i + i)(i-.5) 

a + 6 a + 2 



12 



a - 6 a - 2 



4. 



5. 



6. 



7. 



8. 



-3ax 
17 
5x 

8 - 

3 _ _5_ 

a " aa 

b 2b 

a - b 

■P 

a - b 

-4 



6x 

5 



X 

4 



X ^ 2x 
^ + 8 L 



13. 



14. 



15. 



16. 



17 



18, 



- 3 . a^. - 3 



2 1 



1 - 



b + a 

i + i 

a b' 



X - 2 X - 3 
3 - X 2 - X 



X - 



3 - X xl- 3 
. 3 



X - 1 



+ 1 



-5 
X + 1 



X + 2 



a - 1 a + 1 



a - 1 a + 1 



n 



EKLC 



lJ,Vt.l>:..>Wrl^^ 



2. ^tey is the following s^ntfnoe time? - - ^ ' , 
::.4. ' ;:-;-|^ + (-10). . /• 

Show^^^that -1 <'^A 'and | ^ are sentences . Then ta; 




S 20 ^20 >^ ■ ^ / -1 



^l^h .Xffli.. ^^5nS3? ^ ift S# ly . . t ha t^ < ^ 1 ^ trnig . ; 
U. lp.oh edge of a 'square is made twlc^^ ^as Igr^j » How much has 
i| the perimeter been Increased? How^much has.^he area been^ 
Iho^eased? 

5* A man d/£s tribute 3-^24 between ^Is children In amounts 
; . p^epoi*ti6ned' to thejr ages, the older le 7, and the 
J ' younger 3* How much should each -receive? 
0^ In a class of 10 pUplla the* average grade was 72, The - 

^ students* with the two hlgfiest grades ^ 9^ and 98, were 
transferred to another ^lass^ and the teacher decided to 

• find the average of the grades of the 8 remaining students. 



■ \ 



What was the new average? ^. ' ^ 

7% Given the set S of all the even integers, (positive and 

negative and zero-) which of five operations ^ (1.) addition 

% (2) ^btractlon (3l raultlilicatlon (itO division 

^ (&) avferagt, -applied to every pair of the "dements of S y ^ 

, will give ohly elements of S? Describe your conclusions "'in 

■* ' ' * 

V terms of ^^closure'V. » / 

VA- haberdasher sold*two shirts forS3,75 each. On the first 
,^^he lost^ 25^tf^f the cost and on the second he gained 25^Q 
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a^)!i; A jnan tpavelB-360 mllesVdue'^st at 'a. .rate • of 3 ^ * 



\ 



mile and returns by plane at 'a ^ate ofv|ille§ per^mlnut&v 
What was hl^total traveling time? What' was, hl,s ayerage 
= •^^^'gm^rt^^ Vm ent Ir r ^ t r Ip ? ' J 
11 - Pi'sBt'ot ten' numbers' has' a surf "t . -''Lt eap4r'ou^be.r 



12, 
13. 



ncreased by then, multiplied by 3,' '^nd thin decrease by 
U the new total 1*411 "om how much? If you had twenty , ^ 
numbers instead of ten and the s-am^,,condltloAS , 'what would 

'be the new -total? / , _ ■ 

fif 17' + a = 0, what property of real numbers tells us' at 
once that ' the sentence ■ will be 'true for a' = -17?, ^ 
Which of the following name real numbers.? 

3-0 (d) |, (e) i£L . (f) 5 =- q 



(a) 3-| (b), 3-'i (c) 



3 

7 



lU. 



For each part write .either tt^ simplest ' name 
for the number or the reason why It'ls not a number. 
A rectangular swimming pool 25 yard's' long and x yards wide 
has a. sidewalk of sSven-foot width /built about it. "If the 
■ out-er edge - of the walk forma a. reotangle, v|'.ite an open , 
phrase for the number of feet in'.^the perimeter of that 
outer edge. ' '. 
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f "r^ = ^ ^^^^^ J Undar Wlch : of thie '^operat lonB r addition, suTd trac t lorr^" 

% . ■ ^ . . • ^ '^t, . . y . 

multiplication, division. Is set A closed'? ^et B? . ^ 

^^^^ ''(b) If C Is the set of numbers obtained by squaring 

■^^^ ' ^- .■ i . — / •• 

elements belonging either to set A or set B, enximerate 

' set C . Is It a sublet of A? ■ of 3? . -. ' 

19. Given the fraction ^ j what Is the only value of x 



: ^ f or' whlch/thls 1^. no6 rea^ number?. / 



% > Ik 

20. (a) A positive rational number Is equal to * If Its 
; numerator's less than 2U, what can be said of Its 
denomlnatoi?? r ^ * 

(b) 'If the denominator is, loiss than, 24 what can be said 
■ . of Its numerator? , ^ 

21* The , product of two numbers Is 2, If >tfne of the numbers Is 
, 'less than Z, what Is the other? If one Is less tl^an -3, 
^ what ^s thi oteer? \ , ^ - ... . _ _ 

22^. Does division have the assuclatlve property? This Is, Is ' 
(a T! b) -f c a ^ (b 4- c)?. Give reasons for your answer. 

23, Is division commutative? ^ Give reasons for your answer,. 

24. For real ^numfcers a, b, c show that If ac « be .land 0, 
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thk^he- nlwnber dlmlalsh,ed by 25, what Is the ntunber?i ^ * ■ ^ 

.year the price if* c ^^nts per/dozen higher- than Jast* = 
year. What will half a dozen balls cost at the present 

tots? ■ , ^ ^ 

bby "haS^95 cents In nltikeis "and If ^he has 12 -^^^ 

coins, hpw many are nickels? , j 4^^^ % 

^ V ^ 1 ^ ' ^2 

If X a + i and a ^ 4 , what Is the value of ax + a ? 

a £ J 

William hae f±ve hpurS at h±% d^feposal. How far can he^ ^ ^ 

^ * ■ ^ I" ■ . 

ride his bicycle . Into tke woods aj the ra-te of 8 miles 

per hour arid return at the rate of 10 miles per hQur? ^ ^ , 

A procedure sorflatlmes used to save. time ^ averaging large 

nufnb«*B Is to guess at an averagf , *^verage the d^f ferer\ceB, 

and Wd that averafee to your guess- Thus, .if . the n^bers / 



t ^' be averaged — say your test fecores—ere 78, ''80, 76, 72, 
85,. jd,^'9p, a reasonable guess for your average might Jbe_ 
80* We find how far each of our numbers ^s from 8o. 

The sum of the differences Is 
=9. The average of the differ- 
ences 'is Y . AddlnC^ls to 
80 give 7^ for the desired 
average. Can ^you e^cplaln wny 
this works? 



The weights of a university football squad were posted as; 



.78-- 


80 


n -2 


80 - 


80* 


0 


76 - 


80 




72 - 


80 


= -8 


85 - 


80 


5 


70 - 


80 


=i, -10 


90 - 


80 


- I'D 



■/ ; pajaa th^ ava^age . wei^^ f or tnre iteam by the mieti^^' of V ' 
yv, dlf f etertcoB y^^ in 'problem -§3. *.' •' 



, Given the 


set {1, 


-1, J, 


-5) 


and the following 


tlon 'table . 










X 


1 ' 


-1 




-i 




' i 7 




-1 








-1' 


' -1 


. 1 
#■ • 


-J ■ , 


) 

4 




•J 


J 


= J * 




1 




-J 


-J .\ 


J 


1 


-.1 





(a) Is the ^et closed under multiplication? 

(b) Verify that this multiplication Is commutative for 
the cases (-1, j), (j; -j) and (-1, -^j) . 

(c) Verify that this multl#ttcatlonit4g associative for 
the oases (-1, J, -j) ajid (l, al, j). 

(d) -- Is it true that a x 1 = a, whS^fe a Is any element of 

Ci, -1, -J). , ^ « 

(e) BHnd the reciprocal of each 'element In this set, 
^^ If X is an unspecified member of the setj find the 

truth sets of the followlns ^make use of question (.e)j . 

(f) J ,X X - 1. (h) j2 XX = -1. ■ " 

(s) 



-J X X = J 



(1) r X X = -J 
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;f ' ^ Paol^QrS j' E xponents J - fladj^ealg — ^ .^- -.^^.w ... ^ 

8 -1. Pao.tQrs and divisibility . Once upon a time, tpeve 
was a farnjer whoBe total ppoperty amoiijnted to 11 oowsT This 
f aOTier- had- three- sons ,' ^nd wlieri he^-dled,^.he,. lef t , a.wllL whloh, . , 
provided that i' his cows should toe left to Charles,. ^ *bf his 
cows to Rlchai*d, and | of his- cows to Oscar. The^ boys quarreled 
greatly over 'this, becausfe none of m®m wanted the non-Integral 



pieces of bovine matter which the will; seemed to require. As 
they were arguing, along the "road j came' a stranger, leading a cow 
whlo>i he was';t^^ The three boya%onflded their 

problem to him, and the stranger raplledi "That's simple. Just, 
let me give' you my cow, and then" try it." Thi boys were delight- 
ed, for they npw had 12 cows lns;tead of 11. Charles took half of 
these, Sir Richard took his quartet', 'that Is 3; and Oscar h.^ 
sl3tth;* namely 2 cows. The ll cPws which th^ fathter had left 
were now happily, divided j the stranger took his own cow and went 

on his way • .1 v 

So that you may not 6bmplaln that the boys Aid not get 
exactly what 'the will provided, observe that each in, fact got 
more, for 6 > 3 > and' 2 > (can you prove these 
■inequalities.?). However, there . Is Bomethlng fishy about the 
problem, tod'it must be with the provisions of the will. What 
Is It that made^.^such an unusual solution possible? 
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which we now want to look. ' For some reason," It was'-nftich easier ' 

tfe^ was that 6 ftrtd ifi .and 2 all^ divJ-ded Into 12 exactly^ while none 
ole '-bhesf, and Indeed vary, little el,se, seems to divide Into , 11 
exactly. And ; this is ^n Important distlnGtloh between 12 and 111 
therei are- many, niimbers whiph -divide *^enly Into la^ b-ut very ^ f ew^ 
that divide into 11. . , " . ^ ' \ 

: It's a bit clumsy to write "divide into" all the time, and 
so we ^shall u«e a more compact mathematical temi for this. We 
shall say that 6 is a ''factor-' of 12 ^because 6x2^ 12; sjmilar- 
lyj 4^^1s a factor of 12 (because 4 x 3 = 12), and so on. Is 3 
also a factor of 12? Is 2? 

The number 5j however^ would not be a factor of 12, becauBe 
we cannot find mnother Integer such that 5 tj.mes that Integer 
equaij_12 . Of ^course 1 and 12 are also factors of 12. Olven ^ 
any positive Integer,-! an d the Integer^ltself always divide 
that Integer; because such factors are always present, they are 
not v^ry Interesting, So we shall 'call 2 and 3 and k and 6 ^ 

mr factors of 12; these and 1 and 12 are^all factors. The ^ 



number 11, however, does' not have any proper factors^ because 
no positive integer other than 1 and 11 will divide ll' evenly, 
Now we are ready for a more precise definition of .. a proper 
factors . ^ 



4 



The positive. Integer m is a proper factor of 



is a'^psltive Integer, wliich equals neither 
• 1 nop n. ; * . ■ . • 




• Does it follow from this 'definition that m g.lso $an equal 

neither 1 nor n? , ' ' 

■ Ti% "to^ wrlte:"ar¥lmllar^^ef lhl*ton of " factor" ■ (without ;the.- ; 

'■'proper"). Since 6 is a factor of -iS, then 'is a factor of IS? 
Is 'It true that' If m is a .factdr of n,, then |. is a .factor of 
Is the same -true for proper factors? Ho\^ can jou tell?. . 

^Exercises 8 - la . , *" ^ .4 ' 

If\he andwer to the question is "Yes"/ write the number in. 
factored form as In the definition. If the answer to the 
question is "No" Justify in a similar way. ■* 

Sample: Is 5 a f actbr of 45? ^es, since 5 X 9 = ^^5. ' 
^ ... .Is 5- a factor of '46? No, :Slnce there is no 
■vf/- integer q such that 5q =,,'+6.- 
-r. Is 2 a factor of 9ii? 

2. Is 3 a factor of 2'i? ■ ^ 

3. • Is 5a factor of 2U? 
h\ Is 6 a factor of 2'i? 

5. Is 9 a factor of 2U? . • ■ " 

6. Is 13 a factor of 24? » 

7. Is 12 a factor of 2H? ' . ■ * 
.8., ^Is 2h a factor of, 2U?; 



. l^;.:aL,,i:a.Qtov :ox , . , ^ 

rii/"%'i^*"a fiotoF^oFa^ - 

;a2.:V is. '10 a factor of 100,009? . ' , . ' - , ; 

•'l3V .Is 3 a factor pf 151',821? ■ ■ 

14.^' Is'6 a, factor of 151^821? ' , ' , . 

rifv^^Fi^^^ " - --- --- 

if 'any"*of the following numbers , are factorable (l.e^ have _ proper; 



Lch a 


factor. 


and the 


product w: 


hloh c 


iquals^tKe 


uses 
i ■ 


this fac 


i-tOr*,' 










^2 , 


26. ; 


23 


31. 


, 68\ ■ ' 


'52. 






123 


^32. 


95 ■ S 


2 3". 




28. 


57 


33.- 


,,129 


2U. 


55" 


29. 


65 




' 141 


25.-' 


.61 


30. 


122 


■ 35. 


101 



16. '85' • 
■ 19; 39 • . • 

20. 93 



f.^ ._Le-t us now conslde-r, for 'a moment how you can tell whether 

2 is a factor of a given number. Which of the numbers with 
which yqu Just worked, did have 2 as a factor? Is. th§re an easy, 
way to tell whei'her or not' 2 is a factor of ^ a fiumber?- Oan you 
convince/ yourself that your answer is right?/ 

Let u^ now look at the numbers 5 and 10,^, When is 5 a ' 
factor of soine Integer? ¥ou have probably known this -for some 
tlmej every multiple of 5 ends In either a 5 or a 0^ and every- 
thing that ends in a 5 or a 0 is a multiple of 5* Also every 
multiple of 10 ends in 0, a,nd every number which' ends 'in 0 is 



1 



•;.-.8 -^ l . ■ 258' _ ■■ . » 

=■ . = : =; • ^ ' ■ ■ . -■ . " . I . -. . . ■ ■ ■ ■ ■ ■ , ■" . ' ■ ' . 

a. multiple 'of' iO. But we can now look' at this In a slightly. 
, .'ditferent-way: .,a number has lO as a factor 1^ only if^lt 
l......'ha M b oth 2 and ^ ag factors. Mum'berB ¥hleh have 5 as a: factor 

must end In 5 or 0, /and numbers which have 2 as a factor must 

he evenj hence, ira Tiumber is to have both 2 arid S-as a- factor 
' It must end In 0*' Can you fornwlate what we have Just said In 
^ . tsrms' of ^wo sets and. members oo^on to both? ' " - : \ . 
; - Exercises .8 ^ lb. , . * - - . 

Think aebout a te'st to 'check whether a number- is divisible by 4, 

' aM also a test 'for divisibility by 3. The followins example^g 

* ^ _ • ^ ■ ' , ■ ,■ - 

should- Kive vou some real "hints on the solutions - but don't be 

. . .- ■ ■ . . >■ • *f - ' ' 

7 ai%lppo^ihtW^i~f7a~5"impre"^ruTe-~for"3-to--be~a-f actor- ^ — 

escapes you for the momen:^ for :l€ is rather tricky*. ', . ■ , 
i " ~ I'.wDivisibility by 4: ., Which of the following, numbers have k as . 

■■ - ■ ^ -■ . . . \ i -■ ■ ^ -■ ■ ■ 

• a factor? 28, 128,' 228, 528, 3Q2ftj 6, 106, 306, .806,; 2006 j . 
■■ IS, ll8, 56l8j 72, SIS'? ^ Do you see the test? ' How many 

digits Of the number do you have to consider? 
2. Divisibility by 3: Which of the following nT^bers have 3 as 
. a factor? 27, 207, 2007, 72;. 702, 3^^l6^ 106, 601, 6l, 
> " ' 1006. How about 36, 306, '351 (obfirve- that '5 + "l = 6) , -315, 

53^ j. . 51291^ 32122? 
' • """. / was handled: in , problem 4 of ^Exercise 3 - 6, :page 92? We. 

. . ';:^^W + 5(10) + 7(1) - . .0- 



= 2{999) + 3(997 + 5(9) + 2(1)^^1)" + all) +7(1)^ 
= Y tliii ) 3 (11) + 5 ( li 9 + ( 2 + 3 + 5 rH 7) ; V 




0^' 



.■ - (222 ,+ 33 + 5)9 '+ (2 + '3 + 5 + 7) . ' 
The expression (£22 + 33 + 5)9 is divisible °'by 9s Is It ■ , V 
iblkpe£o3;e-dly-lsJ.ble^by_3-? T!ememb^Elng^he.^l]BL.£QE^l3d.- 
slbllity by 9^ can you now formaiati a rule for divisibility 
hy, 3? (Warning:' If a mimber Is divisible by 3, is it divi- 
sible by 9?) ' - . ' 
^3. If you know a test for' both 2 and 3^ what would be .a test 
^ for 6? — ^ 

(Optional) Certain modern electronic computing- machines ' 
. ^ise th# octal system nf . numeration for /their Int - 

codeB. It -Is Interesting to consider divisibility of a nmiber ' . 

' _ - *_ ■■ J " , ^ ■ , ^ ^ ^ .. ■ * ■ ?' 

^written to the base"'elghtT ~ ~ '"r'^~~~~~~ T ^ V 

The aaquence of even numbers to the base 8 would be 2, 6j 

^ lOj l^l^ii^, l6j 20y-i * • . Pjf^opose a- rule fpr divisibility by 

Can^ypu find an argilment which would ^convince most 

people th^-t your, rule is correct? (Hlnt^ Cain ■ you write * 

. * • any number to the base 8 as n (8) + last digit?) ^ ^ ^ 

•-_ ... . V^^^. ^- ■ = ^^ . — ^ • ^ . ■ . * ■ vi- ' . . ^. ' ^ ' . ^ 

5* The numbers with 3 as a factor are the multiples of three* 

- ■ In 'tPie base 8 these, are 3, 6, -11,. lit, 17, 22, 25, 30. ..■Is 

there a simple rule f or divisibility, by .3? ^ , ' 

"6^ 'YQU""can ^see" that "rules ~wh£oh~^ were simple for "the-base" 10^"^ " 
^ , ^ - ■ - •< 

s may not 6e simple for ^heabase 8.* Conversely^ tests which 
^ ^ were difficult to devise In base IQ* may be easy to base 



Devise a rule for dlvlBibility of a number In the ba^e 8 
by 7. (Hint: Write put the multiples of 7$^ get an Idea^^ ; • 
and then try to' find ; a - convincing argument * Thlnte, similarly--- 



"1 



6' - 2 ■ ■ . > ■ . { 260 



1 



' ' '-'to the way you woul'd for S.to the base' 10.) Since an easy " 
' rule ean be, devised^ woulfl It ba worthwhile to convert baap 
ten -numerals to, base eight, numerals In ^order , to test for 
'divisibility by 7? ^ (There le no simple test for 7 with, 
ihmbers, to the usual base 10.) Would .such a-conyerslon save 
any t ime ? ^ : ^ " 

7* 'Devise a test ^or ^ to^'^be^ a /ractor of a number, written to . 
- - the base 8. . ' , - * " 

\ ..8 g Prime numbers , - We have been talking of factors of. 
positive Integers c>ver the positive IntegerSj 4fl the' sense that . 
when WB write ■ . \ _ ' 

: — - — -^-^ — '-r- — — — y — — mq"~n- — ^ — ■ — ^ ^ — 



: we 'aboept only' positive integers for n.and q. We could/ of ^ . 

^' course^ ' if we wanted to, 'accept Tiegative integersTT^br any ration- ^ 
al numbers^ or ^even any real numbers, as ^factors'. But if you ^ 
consider these poBsitDllitieB for a moment^ you will see- that 

■;they do hot a^dd imich to our und§i*standlng. If j for example, you 



permit 'negative integers as factors , do^ you really find anything 
new? How are' the factors which involve negative Integers re la tad- 
to those which Involve positive Integers only? ^ , . 

— __YQ^.gat-a- different- ^picture-^lf you-accept-all-rational— i . 

numbers as possible :f actors of positive integers * The rational 
number S*, f or^ example, would -be a factor '^of 13, In this extended' > 



^ sense, because &) ('^) ^ 13* Can. you think of any ration?.'! . . 

./ nwnber, in fact j. which would not be a factor of 13 in tbls eanser 

. ' . ^ " • . ... . ^ . ^ ^ ^ - . ^ ^ , 

, \ thftrsituatlon any different if you; permit factoring; - , 
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-^^^ arbitrary real numbers? = • , . 

. You see that If you try factoring positive integeSr's over - * . " 
' the^-ratlonalB or over' the reals, then everything becomes a factor 
of everything* * Such a kind of factdrlngj therefore, would not 
add anything to our understanding of the' structure of-^ tftp real - 
niinber system, and so we shall not consider it further/ Only 
"fac^torin^^^ positive integers tells us interesting things,'^ 

s - ahd BO when we speak o£ "factoring" 'a positive inte'ger, we s^hall^ 
' alwayg mean over the positive integers. 

^~ ^ '^'^ Mop t' of you are quite familiar with the set of positive 
' " Integers ' since you have been working with this se-^. rflnce^ kinder- _ 

....... . ., .. ..... . , . .......... ........... ... . 

— ^garten^or-ear-iler . — But-have_you ^ev.en_c_QnsJ,d_er-ed„,tha_^faAt-- that ^_ 



all you need 'to "generate-- ^ha whole set is the number 1 and^ 
- addition?' For-if you add 1 and 1^ you get 2j' add 1 to 2, you^get 
:'3j add l^to 3i you get 4 j and so,on* By adding 1 to each new. 

.-numbe? generated you will generate-a new nimber. By continuing 

# , = " . -. .. ■ ^ •■ . . 

this process indefinitely you will" Imve.' generated the entire 

set of positive integers. . . " . .,• . ' 



Exercises 8 2a* ■ *v . ■ : . 

1* Genjerate a^_set of ^ numbers using 2 and add^t^oir only^j ^^^A 
is this set called? Which members of this set have 2 as , a 



■ proper factor? ■ ■ ■ . Jl^f ■ 

'27 — ^Geiie^ra"tw^"^set^of ^numbers - ub Ing- 3-and-~addlt ion~ only";^--W^t™ 

l-3~bM5"^BHt^cyl^led?—Whlch^member3^Qf^thiB— set— have— ^ 



proper factor? 



3 We have listed below' a set of positive Jntegers lass than ■ 
.'■or equal-- to, 100. Cross out' the numbgrs In whlch-2 1b' a . 
' proper factor and write a S telow each of thesb numbers. 

' • ' 1 • 2 3 4 5 ' & -T 8 . 9 10 - 

11 12 13 14 15- 16 ^ 17 18 19 20 . . - - 
21 22 23 " 24 25 26. 27 28 .29 30 
■ ' 31- '32 33 34 ■ 35 38^^. 37 38^ 39 40 
" '41 . 42 43 44 45 ■ 46- 47 48 49'. 50 
51 52 53 54 5'5^ 56 57 58* 59 60 
61 62 ' 63 64 65 66 67 68' 69 70 
- ■ 71 72 -73 74 75 76 77 78 79 80 
^ 81—82 8-3 84-^85 — 86 — 87- — 88^-89^^ — 90- 



91 92 93 -94- 95 9& 97 98 99 100 

f ■ , ^ : V " ' . 

r-^y ' - - : : ^ - -. - , . . .... . z. ^ - ,:r • 

What Is the first- number after 2 which lias not been 
-crossed out? It shquld be 3. Now cross out all numbers 
which have 3 as a proper factor and' write a. 3, below each 
of the niimbers-. If a number has -already' been crossed 
out with a 2 do not cross^lt out agaln but ,.skip It. : 
What Is the first number after three which' has not been 
.crossed but? Cross out numbers which have as ^ proper 
factors the answer to the previous question. Continue 
the procea^s.- After the fifth step your picture should 



31 . 

n 

^3 



'2 •^a.-r' 



iX/ 3^2 13; '^\ )^.2 -*^3' • 

■ag g"...23i^-..^. ' ^3 



'^2 ^'^3 

^2 ^3 
JfTg 73^ 

^ - 83; 



^2 



37. 
if7 



:^2 
-8^ 



67 
97 



■ ^2 

-Mi 





Dld"the--^±cture-ehanga-from--the-4-th~'S-tep-to--the-^th--BteF-'?-"lto 
or why not? If you are having: dlffloulty . with 
krhaps Mt ■ would help If you would consider the first Clumber 
drossed out In -each step. How far woulds the set of nwnbers 
have -^o be extended before the picture after the 5th step 
would be different, from the picture after the 4th step? 

' ■ L In the set of 100 positive Integers you ^ave crossed-, out • 
all- the numbers which have proper- facjtorp Thus .the remaining 
numbers have no prqper faotors * We call; eaoh ^of these numtera 



Av prime number ±b a ■positive Integir 
greater "than "l "which'' h^s'no '.proper f So tors 
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Is; It possible to find, all the primes in the set of ppsitlye 

'• integerSr by the method we have Just liaed (call ad the Sieve of 
; ■ BpatQsthe'nei') ? Is. it possible to find all the primes less than ^ 
• ■ some given positive Integer by this method? What is the next ■ 
prlme^^aftS»''^.T? ' z ' 

^ ■ ■■ ■ , ' , 

" 8 -. 3." Prime factorization . Let us now. return to the Sieve ' 
Of Eratosthenes, which we have construct^ed, and see what else 
we can learn from it. Consider, for ^example^ the number 63. 
" ' . It«ls crossed out, and hence 63^ is not- a ' prajne , When did we \ 

cross 63 out? ' We see from the. diagram that 63 wasw crossed out ■ • 
J:_^when-:-weLwere--WOrklng..with_a._l_Thls_memt,-lf__yoT^jbo^^ 

■ about it, .that 3 Is .■the smallest prime factor of 63, (Actually, 
^ • - it follows from what we have Just said that .3 Is the ^smallest "\ 
-proper factor of 63', rigardlesa of the "prime". Do you see why?) 
' since %^ 1b' the amalles,t prline factor of 63^/-let u's divide It 
■ ' . outv -We obtain 21^ and once again we can looK^ln our chart to 
" see if ■ '21 Is a^ prime ^: We find that It is not> and ' that ^n fact" / . 
■ 3 is p. factor of 21. Divide 21 by 3, X^d 7^ obtain 7j If you 

look for 7 on thte chart you find that 4J_ is not crossed out^ so > 
' tha * 7 la a prime and can "be factored no further. Now whit Is" 
It that we have learned from all this? 'iWe h'ivf - Written as 
3 times 3. times 7j and the algnlf Icance of this .Is that these 
_™ — -factors-of— SS-are-all-prJ-mes . _=Jn~Qther._words,-.,w'e^hav-e„s.ucae,e(ied_ — 
— ln=w^l-t-i^g=6 3=as=.a_product=of=pr Ime^f aators.. 
■•' ■ ■ ''Let us try the same procedure again with 60. .. What prime ; ,. 



" were y.ou considering when you crossed out 60? ' If you divide 

- -•"•60 'by this prime, "what do you obtain? Continue the pPS'Ce'sa'. 

:' . ^ ^ e ■ , ' r.t ■■ ■ ■ :■ 

epresantaiion of 60 as a product of primes do you- obtain? 



Exercises ' 8 * 3a* - = - , \ 

1. Using the Sieve ^W^Srai^atheneSj. write each .of tlje following 



' niimbers as. a product of prime" factors:- ^ 

' -84, 16, 37/48/ '50, 18, 96, 99,^ 78, 47/12.;^ ' ^ _ 
2v. What j>osltlv^ Integers have^ the following prime represent 
tatlons., ' reBpeotively \ ... ... - 

■ i x 2^.7p 2 X 3;x. 5j -7 k 11^ 2 k 3 3 X;3, 

1_ g_^^_g_^_._3__^__. 3 9. ______ _,. L_ — ^ — ^ ^___. 



~ : -'A 'posltLva Integer^ you see^ osn be thought of* as *-made vip- 
of a nuKl^er of prime factors* Thus 63 Is. made up of two 3's 
and one '^j 60, - If you did .,the^ above example correctly, 1b" made- 
up of two 2*8, one 3, o^nd: one 5. We will have man^ uses- for 
thlk -Iprlme f actorization-^; as It is called, of a positive 
integer. . But now we. face -a problem: "How do we do the same 
thing for u number which : Is ' not on our diagram? If you are ■ 
'asked__rQr..-the^.prime^ faGtoplzation-^of _144, you: might -perhaps _ _ 
consider extending the ^ dlagranr because, after all, it is not 
.very far from loo to 144. But suppose you are asked for 1764?. 



Maybe you can f igure out a way to- do the sajne thing 



without a picture of the sieve before you. What, after all, ^ 
went -on when yg>u Xonstmjc ted the ^Igve? You first marked all . 
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■■ ' nvirabers'whleh were, imltlples of 2 with a "2"; the first number y\ 
..-•not marked was "3, and you proceeded to mark all numbers which -. 
-H^T.^ p^»p^r. nniltl Ples of sl- and BO . on. Then came 5, and then_7.; 
'.'. What .were these numbers fi^/'s, ,5, 7, etc .? They were Just the ' 
^rine ^numbers. And so, what did happen toU .number on the , 
"dlasram?^ If 2 was a proper factor of It, It was crossed out 
when we were warklng with multiples of 2j If 2 was not a factor . 
■ of it, but" 3 was, 'then "3" was crossed out when we were working 
with multiples of 3, and so forth. If the number had no proper 
« factors, 'I.e. was prime. It .was not -crossed .out at all. 

- L^t us now do the ssune thing witiiout the sieve, say with 1764. 
"^~wr; first 'fiavr-to^try;2T"- Is^ 

^whlch we learned, the answer is", "Yes": 1764 ^ 2 X 882. So now ' 
' ^ let us try 882, as If we had the sieve before us. Is 2 a factor ' 
- of 882? Yes, and 882 = 2 .x 44l".„ Now let "us work on 441. Is 2 
a factor. of 441? No, It Isn't j so 'If our sieve had gone as far 
. as 441, this ntunber would not have b eft crossed out when we 

consideredL multiples of 2. The next "pj^lrae after 2 Is- 3, and so 
. we must test next whether or not 441 Is a multiple of 3. If you 
check 441 for divisibility by 3, either by. the test In Exercises 
8-="lb'oi -by -actual division,- you-flnd that 3 Is: 'a =f actor- of 
• .44i, so that It would have been -crossed out In the sieve when we 
• tested multiples of 3, We now obtain 441 as 3 :x 147 . There Is ^ ^ 
"^o"li^" tl^r^ lhl"f ac tirTi^ 

"~~ 147, It would alBO'have bfeen a factor of 44in( why? H^TSt^ • , 
^ divides -147/ ind we o^^ 3 x 49. 49,. In turn, ■ Is 7 X 7, " 



,. . ■ ■ ■ ■'- ■ ■ .2.67' ■ ■ 8 >.3 

:;and ..7 Ig a prirt© niamter^ so that the. Jdb,^ls finished .T To*:sum- 
marl^at ¥a have found that 176^ = 2X2x3^3x7 ><'7j and 
■ythls Is- the p^lme .decomposltlQn. wh3,ch we ware , looking for...,; , . , 
Of i0oui*sa all this writing Is rather clumsyj more-icompact ^ ^ 
vway to do. the whole Job would be to write ^ 'V ; ^ 





2 • 


882-' 


2 ^ 


• 441 


3 




3 


49 


:? 


7 





: Her© the, smiles t priirie^^ f^ at any; stage Is . to the right L of 
tha llne> and the quotient of the dividend by the smallest prima 
fa&tor Is undariieath the dividend. The prl^e decomposition can 



be read of f from the factors to the. right of line. and. the. last 
rferaalnlng prime • .^v . ^ T 



ercises 3b. 



1* Wiat is the smallest prime factor of 115j of 135> ^of ^ 321,' 

or 484^ •■of.:53.9, 'of 121? ^ - ' - 

2. Find the prima decomposition ?of each of the .fQl46wlng^ ' 
■ ': numbers;^ $8, 432, 258, 625, 180, 1024, ,378, 729^ .825, 576, 
4098^ 486, ' 3375. 3740, 1311,, .5922/1008, 5005, 444/ 5159^ 
■ ^455, 2324. ^ ^ 



Ifou may^to vie Have been^peaklng of J' the" ^ J 



prime factorization of a positive integer, as If ^e were sura 
that therb ^was only one such factorlzatlpn/ Do you suppose, 



that this' is .actually true? . Can ^ou give any convlncir^ reasons 
why thl& 'should be the case^? Does 'it help ' to think of a positive' 
■iHt-.eg^t'' aa "made u p" Qf prliiie factogg? , " . ■ ■ 



*■ 8 -'4.' Lowest common dejiomlnator . One of the many places 
-: where the -prime factorization of Integers Is Important Is In the 
'addition and suVtractlon of • rational - numbers . - It la ^ easy to add' 
f raptlons. If their denominators are the samej' you have also seen, 

■ -in Chapter 7/ some simple exgpiples of adding, two rational num- 
hers with different denominators by finding a common denominator 
tb^ Which h'oth caiild be transfomed. V/e are now going to discover 

^ — -^Tafa-^um^cywLT'of "addlng-ratlona-l-nmbers - with-tjlf f erent- denom- 
inators, a way which Involves as little lp.bor^as pos'^lble. , 
.■ ..To* see J Just how much difference finding ^ the J.pwe:st (meaningv 
least) common denominator can make, consider thf problem of 

■• . . .■ , €p • . 

A.- simplifying ... • '\ • . ■ 

■ ^ ' ' i. ' " 1 3_ -,4 , 1 

One pqaalble common denominator, of course, is the; product pf 
all the denominatdrs . ■ This would be_ 4 x i^x ^^5 ^^'^ = .10,800. 

.. ■ . ■ ■•■ - . - 3 _r ^. ■■■■ -., ■ ■ ■_ T 

If^ all the arithmetic is performed correctly, we would fihd-'.that 
Tthe^ expression to", be" s'impliHed equals' ■ ' ' I - ^ ■] ^ 

■10 X 45 X 6 - '-3 X 4 X- 45 X 6 - 4 X ^ X 10 X 6 -h-4 X 10 X 45 

. " ' ' ■ 10800 " . ' y ' '■ ■'■ 



<*'."•'■','.' ^(Ki ^ 3a.4o-W S66 .rt^ 1800 



Th^B equals or, finally, . 'j C 



. ^You can Imagine that onf * a" chances of performing all this - . . :; ■ 
. " * arltlunetlc correctly are pretty allm! Did we realXy' have to gat 

^^ISE^'^crmf^mreW^^ 

; ' 300 appeared In both numerator and dandmlngLtor '^it the end makeg - 

UB Buaplclous that perhaps we made the denomlr^atpr toQ large ; ^ 
fci^-fLpom the ive ^ • - - : ; . ■ r — ; v V --^, 

^ What* should the/ denominator:- hp^^^^ The' denominator -^ has ' " 
to be':>a' humbe3?^^ibh has 4 'and 1(/ khd /^5- and -6: as factors , ' One . . 
/such number is -thevproduat^of^tall" the^^ and this 4^ .the one .we. . 
' - used-beCdrej* but certain that this was " too. larger -How - : 



canvwe disc over the' smallest- denominator we could 'ha vte used.? ^3'% V 



.'^/-iVWe' Will get some. Ideas If we conalder the prlme '-faotots bf ... , 
: each of "the .denomlnatoVs In the gj,v|ri- problem- . ,. • . 

■ . ■ 4;= 2 X 2 , ".-V ■ 
• - - ■ . ■ 10 = 2 X 5 -'i..-/ ; ■ - ^ ^ . > ■ 

- ■ ' 45 = 3 X 3 X 5 , ■ ■ ■ 

. ■ ■ . 6-.= a X 3.^■^. .^v - , . ; ' _^ ' ■ 

,Since^^ njiXsteAb#:^'a the lowest cQtoon denominator 

' " .-'-^^ "■'■^'^■".i. ^ ■■ ■ ■ ■ 

\L*C tD * ) 'this^^vt .C.v^^; in its, own p^imb^^ffctorl^ation^ - . . . 

contain at le.afefc^'yfcw'a^ In order 'that iO be^a faotofi'of the . ^ 

L;C *D *^;.,^the -latter ^'s>-pfrime factorization must dohtaln a 2 and ■ 



= . va 5 J we ..already h^ a 2 by the previous requ^-j^ent that be 

i.-.La_facJ:or,i^ b^ als_q^ Include ^ a 5 now.j_- Tbisurraarije_wlm 

• ^ ■ ^ ^r--^ 'w' ^ . * ■ ■ ^ - ' ■ • . ■ ^ ■ . ' -^u/ 

-•^ we hav^#; gcy^Pfti^: v. in order that both . 4 and 10 be factors of the 

. L.C^.D the, jirlme factorization of jthe L,C,0, must contain at. . 

: . least two^ B^s .an^ one , . . ' 



8\- U 



' ,'270 



.'/■ 



- • : • N^xt we ni^st - have >5 as' a f aaispr;; of. ttefej X .d,,.ii..; '' ' Tftls ■ means 
''■we'have 'to suijply.-twojractors' ofA3 >n, ^clii^Wn: to the .two 2-'b , 
"and the 5 we Already havej we ' don '"t^frett^'^^^^upplTf-mTTOteer^ J 

r ^' "V • • ^; • ■ = ' • . ^ % . . 5 ■ -u .... » • . . ■ , .'f, . . . . ' ■ ■■ : , ■ , 

because we already have .one. Finally,. 'to S,'idomodate the factor 
. 6/ we .need hdth a 2 and a 3 ln<,the L.C>D , .fa^ptorlzatlon, but we 
" already havat^^ach thesr^, - ■ / ^ - r--r. , , \ --^^^ ■ 
■ - Coneluslin:'- The Li'a.D. will have the. prlirie" faptorl-zatlon 

2 X 2"^'¥?X 3'.!x "5. We -need each of theSe-.Tafitoraj ';;and.^ any .more 
' would be' su^erf lubua . What. superrivoutAfa&t,ors; did: the, danom^^ 

ator' 10,800 contain? .. ":['■'■ « ' ■ , 

,r, ■ >Tow thdtYWe- haveV^un'd' tjiei .lowest conmori'd#nQniinatbr,."w.e can 



complete the' problem tiy ehan^ihg /each of the rat Ibnai"- numb era In 
our problem so. that If has thlg denominator. What filli^i" - ■ - 
become? One.>ay to find thl^ %ut.ls to iiiultlpli .out oUr factored 



* Ubtaln 2 x s'.X 3 



k Z X . 5 = ,180. ^ ^ 



expre&sloff-^fbj- the L.e-..D.j we' c 

■JThen 180 dl-^lded fey 4 yields so that^% by ,the multiplication, 

' f ■ f ■ ■ ■ - 

property of 1,. 4; = . An teasler way ;*tp do the same thing, 

however, ■lS'.t4;u^e, thi^facto']|e^|,,form^^ and the ■. ■ ■ 

factored f.oM'df V; Which we havf found previously. 4 contains 

two 2-'s arid ^.o'thlhg- more, while r the L.C.Di-'con tains two' 2's, ' 



two 
to 



3''s and -A Vs."- ' to change 4 int^ttie ■L4C^D..,lwe have 

miltlply .b3|Mo';'3»s and on^§:%o,.§^lv'^& iplsslng factors 

3x3x5 



.45 



f%^3^2=^-€"X-3-X--5— 2-=^x=2^x=3=x^3=x;.-5^ 
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' ' ./v' ■ 10'; Sff^cig;-' .'g x.s 2 x.3 x 3 '2 x ,2 x 3^3- x 5.'... ». 

f.>;va<ratt^^ ^ ana /-If you^have compla^i^ 

"Pt*':^/^^^ you will ^ now have ; - 

' -1 ^ J- 1^ ^ ' .- 4:5 - 5^ -.16 + 30 ^ ^--^^5 ^ " ■ 1'^; 1' 
- ■ 7 ".10 / ;1f5 -.o6;;-?%-2 X- 2X3>?3x5 - .2X2X3x3x5 2X2X3X3 



■What Is tl^# advantage of this -way of doing . th6 prpBlem? -It Is " - " >^ 
the avdi dahce> of4 big n ixmb feicSj . the, dfenoml nator Is left I n fao to yfed ' X 



fdiTO tmtli the very^ end^ and j^du^^ee that we neve^ ri^^V^o haiidite 
.any number., larger ;th#i*\ 5^- Compai|# thle to, tha lO^&OO .df _our, . 
-rii4t atteri^tl ' ; ^_ ^ ^ . 



1', Flud the:' following sums; 
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M ,3 . 2- • 
f , 20' ~ ?5 . 




... J. 




■",57 ■ 95'^ . ' ■■ ■■■ : ;' ■ 




3k- ^ '2k * '.t k~ 
10 28 " W • 








i . . ^ . A 

■ 5- . 3- . ■■ . 




3a 7a 5a . 








"21:" '91"" " " ' ~ 


5 75 63 








T If - 


(h) 

f 

\ 


X ^, 5x ll' . 


3 

20 




* " • ■ •."• A-;-. , ♦ 




'■■'136' 


. • - . ■■■■■■ - . 0^ 

. 1 


'1* 


= * ■ . •" 



Is it true that: 



15 ^ 2^ ■ 



9 



Is. greater 

/ V 1 11 

15 27 ^ 

You have learned In Chapter 5 - that f or any pair of numbers ^ , , 
a. and exactly one of the following must holdS^ a > b^ 
a ^ T?^ or a < b. ■Put In the symbol for the correct relation 
fo'^''the pairs of numbers belqw: - * . 

A man Is hired to sell sultfe; at'^tht AB Clothing Store, He* 

la given the eholce of being-paW'*^2®0 plus — of his sales 

or a "straight i of sales. If he thinks he can sell ^600 
3 

worth of suits per month, wl^loh is the better choice?' 
Suppose he could sell BjOO worth of suits, which is the 
better choice? S 1000? What should his sales be so that th0 
offers are equal? ' ■ 
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6. John and his /brother Bob each reoelve arf allowanof of S-L^yOO''* 
per week. One week their father said, "I will :eaort:,of 
youtfi.OO as usual or I will pay you Ih cents 'any number \pBB 
than 100 plus Its largest prime proper factor.. If you are 
ndt too lazy J you haye much .to gain." What nimber should 
they/oho^se? ^ ^ 

7»\';Suppose Jpl^n^s a father forgot to say proper factor. 

How much qould the boys gain by their father's carelessness? 



8*5. Some facts about fact ore > Suppose that you wepe 
looking for two .factors lDf tne number 72 with the. property 
that their si;m is 22. How would you go about finding them?> One 
way^ of cour^#it%would be to try all possible ways of factoring 
72^ and keep looking until you found a pair that met the con- 
dltion. We are now going to see# however^ that factors of 
numbers have properties which allow us to rule out many 

^^dsslbllltleg without' actually trying them. The prime factor- 
ization 0f72 1s2x2x2x3K3. The two factors of 72 
which we are seeking must use up the three 2*s and two 3's Jn 
the prime fAdtWrization of 72. SuppoB# three 2^s were all In 
one fi^toirV and no 2U in the other* Then one factor would be 

^:^m:^ ^ti%l^\Vcm Other factor would be^odd^ because It contained 

■rio 2's. But the sum of an even and an odd number Is odd^ and 
22 Is npt^ odd,. So thle split of 72 won't workj wfe will have to 
split the three 2's between the two factors, and thus put two 

-gf g-j^n Q^g-^l^^^^^ g £^ ^j^Q other, ~ " ~ ^\ ~ 



•Next/ let us look at the 'Zys. Do we, split the two 3's, or 
do they both so" into one of the two factors? Well,^22 does ^ 
have 3 as a faoWj hut if we wex^e to split the two S's ln 72 ' ^ 
hetween the two f actors of 72, then each would have 3 as a 
fa^or„'^d then the sum would have 3 as a factor. The sum, could 

oertainly not "be 22. , - 

we have.^s learned that the tw« facto^of 72 which we want 

_must be "put together" as follows, one factor contains, two 2's 
while the other "factor contains one 2; one^f ac tor contms Both"- 
3.s/whlle the other contains no 3's. So there are only two 
possibilities, the two 3's go either with the one 2 or with the 
two a*sj but two 2's with two 3's makes 36,, ^ich is clearly too 

-big/ so that the two 3's go with the one 2 (making 18) andjhe 
other two '^'s (making ^) form the other factor. Since 18 + 4 = 22 

we have our answer. 

The kind of reasoning which we have^ Just done depends on 
two Ideas, namely: if 2 is a factor of one of two numbers, and 
2 1^ a factor of their sum, then 2 Is a factor of the other . 
nwnberj an^ 3 Is a factor of one of two numbers and 3 Is not ■ 
a factor of their sum, then 3 is not a factor of the other 
number* 

Let UB first prove a Blmllar theorem. 

■ . 

■ ^ Theorem 8-1. For positive Integers b and o. 

If 2 is a factor of both b and 
: - — - ^ _ then 2 Is a factor of (h + c)-* - ■ 



. . ........ 



Proof I 2q = q an Integerj 'because 2 Is a f actor^df bj^ 

2p ^ p an Integerj because ?2 Is a factor* of o» ^ 

Therefortj , , ^ ■ 

. 2q + 2p = ^ + 0^ (Why?) 

2(g + p)» r b Cj distributive property* 
Slnod . q + p is an Integer^ 

then 2 is a factor of (b + c), . , 

> State and prove a generalization of Theorem 8-1 in which 



the "2*' is raplaoed by an arbitrary positive integer. 
Now let us state a general result as a theorem. 

Theorem 8 - *2, For positive integers a^ b smd ^ ' 
v ^ : ^ ^ a faotor of b and a is not - 

a fiactor of (b + c)^ then a is not 
a factor of o . 

Proof: Assime a l£ a factor of cj then a Is a factor of 
both b and c and^ hehce^ Is a factor of (b + c). (Why?) But 
this contradicts the given fact that a Is not a factor of (b ^ o). 

A third theorem useful In dealing with factors Is 

% Theorem 8-3* For positive Integers a^ b and Cj 

^ . _^ if a Is a factor of b and a is a 

factor of (b + c), then a Is a 
'~7 '^^^ ~ " " factor of d ' ' 



,.-/?• 
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ExerolBae 8 - 5* 

1, The prajTie factorization of 12 Is 2 x 2 x 3. What two 
nmhers^ whose proauct Is 12^ have an even sum? odd sm? 
Can 3 ha a factor of any possible sum? 

2, The prime factorization of 36 Is x 2 x 3 X 3. Find two 
numbers whose product Is 36 and whose sum will be divisible 

/by 3 but not 2j divisible by 2 but not 3* 

3, The prime ' faotorlzation of 150 is 2 x 3 x 5 ^ 5*. Find two 
numbers whose product Is 150 and whose sum is even j divisible 
by 5 J not divisible by 5. _ ' \ 

4* Write the prime factorlz;atlon of l8. Find two niimbers made 
up -of these prime factors whose product Is 18 and .whoae siMi 
.-is- 9j- at.^- -^-^ — - ...-^ ^.^ - .... ^-A^^,. 

5* Write the prime factorization of 288, Find two factors of 

288 whose Bvm Is 34. - - / . v; 

6* Write Athe prime factorization 6^^72. Find two numbers ma(^ 
^15^* of these prime factors whos^ product ±s-9J2v;aiid whps^^ 
Slim is 247* / ' ' . . 

7,. Find two factors of 216 whose stim Is 37* 

8* Find two numbers whose product is 270 apd whose sum Is 39* 

9, The perimeter of a rectan^lar field Is 68 feet and the area 
Is 225 square feet. If the length and width ape Integers, 
find them, 

10. Prove Theorem 8-3* 

11.. Show that If y Is a positive Integer, then y Is a ^factor 
..... of 3fl( 3y- + "y2 ) , " ' ~ " ^ ' ^ " ^ -^^^^ ^—^^^.^ 
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12. For what' pos:?ftlve integer x Is 3 a faotor of 6 + kxl 
• ■ of 5 + ^x? , : \ 

13. If 3 boys shovel -snow from sidewalks and oharge 50* for a 
s.tbre and^lpSO for a house^ hiow many walks of stores and 
houses ftmst they shovel In order to split the money evenly? 
What if there were 4 boys? 

l4* frove the theorems: ' ' ' , ; 

j(a) For positive ' integers a^ bj c^ ' if a is a' factor of b 

of o , ^then'^ a Is a ■ flao tor of c • " ' " 
(b) For gpsitlve Integers a^ bj if a is a factor of 

b^ and o is a factor of d^ thfen ac is a factor of bd* 
(o) For positive integers a^ b^ c^ if a is a factor of b^ ^ 

^^^^ , is a factor of a, then a^ is a factor of be. 



(d) For positive integers a and b, if a Is a factor of b^ 
then a^ is a, factor of b-, 
l^r Which theorem in problem 14 Justifies the following: 
ta) 25 is aP^ factor of (35) (15)* 

(b) (13)2 is a factor of (39) (26), 

(c) c^ Is a factor of (^c)(9c) if c is a positive Integer, 

8 '6 . Introduotlon to exponents^ We have see^ that we can 
write a positive integer factored Into its prime fi^ctorSj so that, 
for example, 288 ^ 2><2><2x2x3x3, This notation Is 
somewhat Inconvenient because it is so lengthyj it would not be 
necessary *to write the "2" five times If there were some way, 
more -oompaet -than 2 K-2 x 2 x 2 x 2> of writing ''five -2-»=s - -^-^-i^- 



o 140 
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= ■ ■ ■-■ -^^l^.^'^' ■ . ^ 

: sMltd^llad togather'V^ r 

-ft As a first step in:?this direction^ you already toiow that 
- il' 3 0£^ be written as THls Is pronowioed^'"3 squared"! 

^ihe •'3" Indlcatea that we are going to multiply 3'b together, 
^^i:Sid the "2" ' that we are going to multiply^ of them. Hot , Would 
V we write 2x2x2x2x2 analogously? The number 288 , can thus 
: be written in factored Corm mpre oompactly as 25 X 3 . 

In' an expression of the. form we need some way of de- 

^ ■ = . r" ' • 

■ sca^toing^t^^ The "a^S whlcF indicates" whMh 

number we 'are going to use as a factor several times. Is called 
the, "base")' the ."n%; which Indicates how many of. the factors "a 
we ai^e going/to -ksef is cal'ied.^he; "exponent". . Thus me&na 
# ;ftumber .consistlngt of ^ri^^ aj a" la. called a power^ 

or more precisely, the n thr.^.dwer of a, . ' 

We can write » 

a^^'fja^x a X ••• X a. . 
; • ^ % "h factors' 

a2 Is read "a;sq\mrficL" or "a square". 

Is read 'i-E c'ubfd" or "a cube". 
aP- is ^ekd',"a to^^' n th power",,. or Just "a to the n th",' 

• ixerolses 8 - 6%,'^,'^J;"' V-. 
'1. Can you gufirpfhp^^^lWs;^^^^^^ "squared" and "cubed" originated? 
If a side of ;|' Rflka^i' IS' J'. l*:^,ches long, how large. In square 

Inchef, Is It&^i^ai^^f ,7, 'V.,-.-,- \ >• 
'2: " find' We^p^^ 
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'Using exponents wherever appropriate, - 64, 60, 80, k8, 128, 
'81/49, 41, 32, 15, 27, 29, 56, 96, 243, 432, 512, 5?6, 625, 
* 76B, 686', ' ^ \ 

In d^sorlbing the ^^^ber a^, what kind of number must n be? 
'Must a be? 



4. (Optional) The expression a can be thought of as defining 

a binary operation which, for any two positive/ Integers a 

' b ^ 

and ib produces the nraiber a * What does it m^an to ask if / 



this operation is ooraiutatlve? Is it? What Iriould It mean ^ 
t,o ask whether or not this operation Is assoolative? 

Let us extend our notions about exponents* Since we know 

■/ ■ = ■ 

that the set of real n^bers is closed under multiplication, it 

3 2 ^ 
. must- be- true that a * a^ names a -real nmber , . Is there a ^ 

3 ' 
simpler name? Since a means that a Is a factor three times 

p ' ! 3 2 

^and a means that a Is a factor twice, it follows that^ a * a 



has a as a factor five tlmeg 



That Is, 

5 . factors 
>^ — — ^ 



l^pl^^^f slml^le names for each of the followlhgi 
'^^R&^-^^ f 2xf 3\ '^32^58 ^2 ,3^ 



a =a*a»a*a*a^a 
3 factors 2 factors 



2 J 
a -a 



-re sometimes write 




Instead of "k" 



2^- Notice 



Suppose we consider 



^^^^^pAmber a^*a^, where m and n are positive Integers. 

. ' m + n factors 



a^. a a K a X a X . . 

*_ : 



m factors 



xaxaxaxax 
^ * . ^- 



X a = a 



m+n 



n factors 
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' m n J m+n ' 

Does It seem ^reasonable, therefore, to say that a" ana a 

are names for the same number? 

2 3 5 

Have you' noticed^ that we have heen talking about a , a;, a , 

aj , e to.; .that Is, forms of the type a", where n Is a positive 

Integer j but we have not mentioned a ? Certainly, 1 Is a 

positive Integer and we should have a precJ^se Idea as to what 

a^ means. Does It mean that a Is a factor once? This Intuitive 

notion seems reasor&ble but let us try to be more convincing. 

"^rtalnly a-.a = a^. Now If we wanFto hold to our agreement 

2 1 2+1 3 

that a"^''a" and a"^"'''^ name the same number, then a •a .- a- = a . 
Thus, a^.a = a^-a^ and it Is clear that a must equal a . In 
this case, our intuitive notion is a good one. ■ 
Exerolseg 8 — ■'Sb . 

1. Write simpler names for the following i 

,(a) m3.mll , ' \ (f) i^^) ^) 

(b) (x3)(x9) * (S),3^32 

(o) (2x)(23x2) (h) 3^.23. , 

(d) (27a)(3V) (1) 25.32.5.22.33.52 
(Hint: replace 27 by Its (j) 2* '2^* 

prime factorization.) (k) (3a% )(3^ab') 

(e) y (l6a2)(32aS) (l) (3k2t)(3m2t) . _ 

2. Is(|^3 + 3.3 .539 . , 
_ „3"«3 



2&1 '8"- T." 



, ; 7. Is 2^ + -2^ = 2^? ' 



8*. Is 2^ ^ 2^ »' 2^? 



* 8 - 7. Further laws pg exponents '.' Now let us examine the 
fraction , Is there a simpler name for this fraotlon? Proiti ■ > 

^ R 3 , " K, ' 

the meaning of a and a it Is evident that 

axtfxaxaXa ^^axaxa 2 ^ 

— — a3-^. a x- a X a ./^ a x a x- a - .^- ^ .: 



' ^ ^ ' x5 b2 ^6 3? ^2 ^3 ' 

Write simpler names for: — yj — — j -^j 

■ ^ X- b-^ c 3^ a'^ m^ 

Can you generalize the results? Suppose wa consider agaln^ 

^ " ^a^ 

but-retfson In this way: ' . . 



Then 



5 3 5-3 3 2. m n m+n ^ 

a- = a • a « a • a ^ becauBe a • a - a 



4 = ^i^-a^) = • b^)b^ = 1 k a2 = a2 

a a • ^ a 



Justify^ e&ch step. Therefore^ If m > 



a 1' / ms 1 / n m-iis /I n^ m-n , ^ m-n m-n 

= "H^s- J " ^ = ^"H" - a^a =lxa -a 

a a a ^ a 

^■ 

Justify each step. We specify that m > n because we want m-n 

to be a positive Integer. 

' ^ 3 

But suppose that m * n. For example^ ^ - 1, - AWhy?).. 

a ■ ^ " ' 



erIc ^ ^^^^ 



8 . 



Then 



n ^ m 
a a V . 



■;. ' ^ a aKaxa 

E m- < n? For example^ ^ ^— 

'"^z^f axaxfxaxa 



V 



X 



axaxa 



axa axaxa 



axa 



.In general J If m < n, then 



1 K 



a ^ a 



To Bummarl^e; 



a 



If > n then ~ 

a " s 

m 

a 

if m ^ n then ^ ^ 1. 

a 

If m < n \ then - ^— 

a a 



Exercises 8 - 7a. 

1, Write a simple name for each of the.followingi (We assume 
none of 'the variables takes on the value 0, ) , ^ = 



1 -1 : 



5 



in 



-(by 



a. 



(e) a^Po^ X a b c' 



4 

(h) 
(1) 



25.5.28.53 

23.55 
S^a^b-'-'^c 



ISSa^bl'^'c 




2. Is m 



3. Is 



(J) 

(k) 

n" i 



81 



ax 



iSa^x 



63a:-b a 



■ • 3 3 3 
22a'^b'^G'^ 

lla3b^ce 



5O0 d 



(a) 



?2x3y z 



5.': ,16; 



8 7 



6, 



fr- 
ig 



1 true? 



true? 



must we ,,be pareful to 
a,vold 0 values of the, 
variable^ In problem 1? 
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S - 7 " • ■ ■ . i?..' ^" \ ^ 284 



1^ ^ . 



CQptional) Hal^^g^t^ree miles for handling division Is 
r ^ '"^ ^ ./^heVer as satlsfafet^ ais' Just one rule whioh will do the 
.' -same ;jpb,.^r It 'tiaj3pen& '^^^ possible to reduce all 

th^e^-^iiiis '-to jiii-t^^ namely: S-. - a " , if we .-drop the 

, ■ ■ -K-;.vVvnv-.- .. ..; . ■ a V, . 

■'\ .. ;0onSi4tion;,m.>. n,^ l^t. uB work pome problems In two waysi; 

first, using. Whlbhever rule of 'the last section 1b._^ 



m ' n 

appropriate and- ■'second, using ^ = a " .• ■ It Is convenient 

. ; " . 'a 

to tabulate the, results . ' ' ■ . . . 



^6 omp^ e t e -ihe . t attl e 



'i^ / 7-3 4 ' • a7 „?-3 „^ 



a 



3 ■ d 



3 :.. J ,' . :.- 'Vv\ ..a3 _ „3-3 



•9 



i!;:\li^'u:-:^^^^v^ ^ = a3-? - a- 



4-4 



a 



a 



a^ ^ 1 ■■■■ ^ , 

~ " a V ' ■ . «3 

a ' ■. 



_ 9 



We hkVe extended notions of numbers In many instances 
beforej can ypu now extend your notion of exponents? 
Examine the table carefully to answer the following ^ ^ . 
questions t ^ - ^ ^ 



-^1 

a 



9 



285 



8- 



Do- zero' and negative exponents make p,ny^ sense In our 
•de'flnltlofi of a"'= a.a.a... to n factorB? Of oourse. It 
is senseless to thlnlc of a as a factor (-3) times* But 
/4oee .thil* following 'table make sense?. ' - ' ^ 





n 


4 - - 


3 


2 


1 


0 


-1 


-2 


J 

-3 




gn 


■as" 


8 


4 


2 


1 


1 

. 2 


9 


9 



m 



m^n 



:;S^:: you;"aeeTW Just one mXe to:^ ii:^l3lon, ^^~=^^^t 

provldir]^ we define = 1 and a^^ = , where a ^ 0'' 

" . ^ , a" ^ . ■ f . 

and n Is a positive Integert .(Suppose n were allowed to be. 

ang^ ^^lnt^gepj could you ^^.o^ away with .the> division, rule -. . 



al,€o^itftoerVand ia!se a^af^ ^ a'^"^^ f or a41 oaaes^y) 



m+n 




What Is the meaning of (ab) ? We knoi^ ab names ^ a 



in^^ierj and' we also know that a number cubed means that 
the number Ip a factor three times.. Therefore/ (ab') 
mjjist mean (ab) (ab) (ab) , By the conmiutatlve and aBsoeiatlve 
properties of real numbers we know that . ^ 

(ab)(ab)(ab) - (aaa)(bbb) ^ a^b^ 
Thus , . ^ ' 

( ab ) ^ - a ^b ^ 

. 3 . : . . ^ ■ ' . 

Write aiiother name for ^ , uaing similar reasoning. Writ 

2 3 3 

another najne f or (a^b ) : using similar reasoning, 

If... , ' ' . _ ' . 

Slrnpilfy ■ (asfeumlng no variatil'e i/akes on' the value 0) :.- <■ ; ■ 



S -•7 



286 



(3a)' 



„8 '2 
-gam 



' (c) 



256a,, 



(1) 



(m) 



(n) 



2a 



1 4 



to) 



'3 ^ 28a^ , 
T * 15a"- 



(s) 



--3a' 
9 



(-2)^a^fe'^ 



(mn) 
\ m 



(h) 



■(-23q^yz)^' 



68a (b1^)' 



"52(-abf)?c?- 



(r)/ 



63a' 



,Sli3a' 
^-Nt- — 



er|c 



tsCj). 



. 8-2%^n 



r 

(t) 



lOSab ' 



f 



Si:;" Mr 



.&?7.;'' ' '\ '"■ ■ ■■ ■■: '■ .. 8 -.7' 



# -i. -a^z: * ,. . . • 5(5a+lOb), 



. tCv) i5^k ly) ' ■ . (x) , 



fe. JlB each^Qf tfte- following txn^e? ; Give reasons for ^.e^h ahswe^,; 



" fll > % ' ' ~(e) 3^ is a f ae tor . of '^S^ + 3^) 

. ' «(f) 3^ Is a factor af 



3' 

-2„2 



(g), (Sx, + i4y^)* Is an 

.i(c)i ■ (fel^tf,? . even number, II" x 

■' 7 "tifi' f ' ■ «■ ' ' .■ ■ ■ 



Cd) " o^.W ;'; / Integers, 



and' -y are positive 



'3.- . Simplify: ' -. - 



30x2 : . > . 
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1.- .■ 



^. Is odd, then a j,s odd. 

I/" pyoveV- li' ' k^ 'la' e ven th sir-a-^s-evenT— — ~ 

.6.; .Let a be C b be -2, c be 3, d be -3. Then determine the. 

- • \ ' valued of: ^ ^ . ... . * ' 

. . ■ ' ■ 3 ' 3 , ^ ' - 

" . r - ' ' Q Q P " ' ■ ^ / \ ^ + ' ■ " 



;fo) 



Jta?bc?_j lL___.___ 



. . -fia^^b^^aPQ ^ (J) JS^ML 



2a-^^b-^^c! 

, (2a^b"d ) — . .; 

,. ^ ^ (2a2b%3)8 : . ' , ■ 

' 8 - 8 . Introduotlbn to Radloals . . Let us review . fOT -a 
moment the process of finding the square of a number. 6 = ?; 
f§2 ^ (300)2 ^ (,g)2 , (^8)2 = ?, (x2)2 = 

(-.8)2 = (-x)2 = ?, (-2wa3.)2 ^ , . ^ 

: ,Now,' let US. consider the same kind of question in, the . 
"oijpbslte. direction r (?)® = 49, r?)® = 100, " (^y2 - - - 
= .36, = 1. ' , . ■ 

In the second group of ques'tlons we are finding, for 



..exaiftple, a number whose' ..square Is, 49. ?hls Is the Inverse 



operation, to squaring, and Is called finding a square root. 
"One ntanber whose square Is 49, and hence Is a square root of 49, 
; is certainly 7. Since it Is also true that (-7) = 49, it 
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follows. that -7 is also a^square root of 49. ^ Our-notatlon and 

two square roots 'dlB^tln people usually call the positive 
square "root of ./a number^ b -^ the square root ^^^ . and denote- it ^ jDy , 

Let US -how surmnarlze this dlsauBslori . . 0-:^ . 

' : ^ If "b is a positive number, : and b j then^ a^^ • r ^ 

Is^ a square root of b. If a is a square root of bi 
so: is -aj the positive square root of b Is'denoted " 



by 3^^^ ,!^ conmonly called "the ^' square root of b; 
/ r ; ^Another square root of b is. then; -"\/!bT . r / ' , 

^: - _ / Wl also, have that >/o^ - " 0 , in which ^ case there is only. 
• .on6! squares root. . ^ ' ' ^ ■ 



Exercises 8' - 8a . 



1. Find: 



(a) ' ; (s) 

(b) ->^Eir '/.x- ./m 



. (careful) ' ' (i) +n/^- n/^I . + 3 



2 .* ■ la poBS Ible , that 



(a) X < |. (b) X -> ;|, ■ (b) K - |, . ■ - ■ : . j- 

k Coneidet* the f ollowlngr,!.^ proof " that all numbers are equal, 

^. If ,a and-.-b are. any -real numtiVrs, then: : _ / • . 

, ' , |a-bl = ^b-a|, ' , 

- ■ ' ' \ (a-b)2 =V:(>-a)2,'-' .■■ . ■ 

*' ■ ■ ■ a - h s.-'^'-^ 'a, - . ■ ' 

- : ■ . ■ . ■' » ■■■■ _■■ " .■ ■ ■ ^ . ■ ■ ■■ 

2a N..2b,--',;f . ■ 
■ " V , ■ ' , -a ■^■■■"b^: _ , . _ 

'. Which step of this "proof Is ' faulty, and why? 

Find: 3^ = ?, (=2)3 = ?, ( .4) ^ = ?, . (x^) ^ = ?, , .. 

(If (-1)5-?, (-3xy)3 = ?""^ . ■ ■ ; \ ■ 

Again, in the 'Other direction, we can ask: - ^'.• 

(?) ^' = 1, ^ (?) ^ = -1, (?)3 = 1000, '(?)^-l6, (?)3 = -.027. 
. Following the same procedure. as b.efore, we can say that a is ■ 
a cube root of b If = b. We write ■ a ='^f^ ' Notice, from . 
th^' above examples ■ thali' while we were not able to take square 
" roots^^ Of' negative numbers ^ since ^oth nagatlva anS , positive 
^^^U^ers^ hii/e positive ^squares, ^it l¥ peFfectly poaslble 'to ta^^ 
^' cttbfe roots - of negative numbers since the cube of a- negative; 
numb;er Is negative j , On the other hand^ vrc~seem t'o be.able i.^0 
-find' only one number whose cube Is '8 namely 2^ while we hp,ve 
Vseen ^^jl^t nu^ two square roots when they have at- 

"ail; "Within the framework of the real numbe'rs^ this rls Ir^eed / 
correct j in , the coming, years ^ you will, find thai by extiniing / = 



. ' - 291 ' . - 8 - 9 • ; 

■■ r • ■ 

the kinds of humbers we are willing to usej negative numbers. 

will have square roots too^ and all numbers will have three ^ 

cube roots. . " ' • ' ' ' L 

- jEx arcls as 8 8b, ' ^ ' - - 

"V - 

r 1. Write a: definition for • fourth roots , For n th roots^ where 

. n Is a positive .dntegerv.^'t- Jib values of n do you think ■ 

negative numbers will have real n th roots? How do ^ou 
• V .sugpoge- the./property of positive nimbers of having two real 



'^q\iat»e?^?rci9;fcf|'aridr real cube i^oot extends to n th rof ts? 

t -^—i^^-^ *- J .--^ -FJ 4 » J . ^ ^ ^ I ^ .^^^ 



2. . Wiif't ',l'3.' the '.^.elation between' -\/l6 andV4? Between y 10,000 
and ^ IQQ? ;^'.Ca,n^you;' ^eae a relation b^tweeri' fourth roots 
• and square roots. fii!iat:.l4ftep&^to , . . 

3v Evaluate:- ■ - ; ' - 

(a)' {[iW - • ' ^ (f ) ^Cx-=3y)3 ■ 

il^ ' . . (g) 

^ (h) -^/si 



(1) 



• 8 - 9. Radloals-|. The symbol^y Is called "the radical 
: sign j -an^~expreB s ion ^x^hlch^ c^onslsts^" of a'^phraae"" an"d^a~^radlci:r 
Ign- o tre r ^it-^ls^oa^l^led^a— rad lea jrr^^^ ^/ 



Let us now return to square roots. Thus f ar , ' we hafve not 

.= ... .......... - , . = ^ . . .1 . . . = -. 

attempted to take the squfi^re root of n unlees we were able^ with 
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ll•^■<^^^^•;A'v■'■V■■•■■'^i;:•'.;f 



mora .or less difficulty, 'tq^^iiefi^^^^ the square of some 

"Tiniple ninber " or express ip^'i^>^^%t?St^^ 
this case.) Lef us now d;bria;i|l,e.33^^^^^^^ a. square root which 

w6 cannot recognize Imme'^iit'ea^yi. for example, -^2. 
What kind of question d^lm^J^k"i^fc-.to this? ^or , ' 

Instance, If we wete fap.ed'.^l^ii'ifeiisept^ + 1," we would 

not be' happy to lesuve %'ti:<!^;m$a:lt:ovrtLiit£oT It can be slmpllflad 
to read .- + 1, ■ or Just #^_:;:^;B^^ the expression were 

^^4- 1? Should we expect; :;i|t5f;'a±mpli£j?' this further, or have. we 
"gone as far as we ean'-.g^^.v/jWhat 'cLdes the ^answer to this question 
hinge upon? What d'4< ■ we';ineEtn7 anyway? 

Let us recall ;^hkt\,%^fr#ned .'in the case, of W-* + 1. We ;dls- 
covered".';that-i/A wa:^' ' a-: .■ ^ratioflalV 'number which -we c-ou|d a&mblne 




. rational; tiitoiber, M^pBk:'^ky^$.ttB 
th'at there .is Suo'h.. 'dumber 
settle; this • quest lohrlohc.©.; .and 

' ^ '"Km-'-; / //;, ^ ■ ^ 



irrational • 'tha-t, ia/\that a huinb^r ^hose square Is ■ bajiriot/ ^j^^^^^^ 




i57- - 



- : ttip world d.Qed one proVt- that soma thing . 

:baf or^? YeSj wa have. For ixsunple^ we proved In Ofe^pter 7- that;: 
, 0 has no repiprooal* And how; did we do this? We ass'Uinad that , 
0 did havi a rgc iprooal ^ and 'showed that this assumption led 
;to a contradiction , And if an assumption leads us- to a contra-- 

^ diction, tha assiimption must be falsaj and if It is falsa that 

•^ ■ " ^ ^ ' " ' ■ ■ ' ■ ^ ^ ^ " ■. . ' =^ . o.'rt; .- ■ •" 

p has a reciproQai^; then it has^nona. Tlhls reasoning is^]^d^^^^l 



the ©thaj^^tfasaj -and so let ^us; try it here * ^ 

Stapposfe tfeat there were a' rational mimber^ sajr^^ wha^a 



a and b are\posl^a;;^%Jtfite^jpa^ that&b . =\2. We cafiT . 

certainly insist ^ that a and b have no conteipn faoti^^^ .for if thsy 
dldj we could' remove such a factor from the fraction 




■•%;*:.2, . (Why?) . 



a2 = 2b2- 



This saKS that Is an even number. But a Itserf , Is an 
Integery^ and toence^-must be- elth ; 
thah^ 'a: would klso;! be odd (can yoii- prove :thisJ? ) * But wfe' know 
that^ a\ Is; even* Thus a Itself nflist be even* ^ ffihen. a ^ fidy 



wher*e c Is ai^ther Integer. (Why?,) If we replace a by 2c In 



our last equation J we obtain 



and ' . 2c = b^ 
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tn^S r rS^^' ti B ^e ^ ^ ^ gltnee^s^gquag&lls^^ ftn So-:we.-havl shown .. ; ■ . 

£|' ibhat -tbth a l^^ 
-^td- ■have- no ^pm^^ factor/ and . tks certainly ;Jo4b^^^ not; permit- a . 

k: -rand-^ ■ to have the. cornmon -factor .S.;- And now, -flniil^r^ 
V-:'.contradlctlAj therefore,, lil " assumption .^hat Vi: If ^p^onal.^ ,^^^ 
^ ^ ■ h^ led us' to a'cpn^^ the ^umptlon;^^^^^^ 

':V; ■ .^ff^^tioe,: ineldentally,'^^ Interesting diff eren^e^^b^^^ 
■I proof by contradiction,, ' such as- j^: have 'just 

'"'^"otSTSo^ 

: : ;Vusu^%dofsi.-.there - a specif 16 

' " -^itaSlsh,^'^^^^^ 

.^eri and- wlth;the 'pr^illes ^of :^the rea^^ ;|irti^e#^rrtl|^ : - 

V fact you 'are seeklng'^iW'S^^ you.|^^, concer^^^|-.., : - 
V - ■ cre^tlnfr- the . express:!^^ 
M to be true^-^'&- a/proof 

.whli^^ you' woric the denial of : ^hat W&M to prdVei- and . then ■ 

' -ioa't know-ahead^of time jSst-whire this ■contmdlc tlon is. , , ^ 
' comlns from, but you keep working uritlte:you find one. You are 
thus not.polntms spe^f loaliy ; tow^ds a fact which you are 
: ■ ' . trying to proveV but you keep on g^herlng Inforniatlon until ^ the 
' information shows up sdmethlng Inconslsient, This inoonsistency 
proVeB that you made a mistake In denying what you wanted to 
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■show>v-i^ to show "must haye-i/'bieen. trnie all! 



. ; iC. Is' .^^slBla to ..eBtetilisIi^ la a similar way : |hat;- the: square ; 
/ 3?Dot of any positive Integer which is not a perfect square is f 
V. i^ra^©n^; ^vAmong the ^f pom .1 through ;10.j for 

this tells us that only Ij 4i :^d^^ have rational square rpbt^^ 
while the others have Irrational^ square: roots Try tp <show ;thatv 



for example ^ ±b irratlonai. 



^ Since, all' lnt§gfers;;-'&re rational rwmberSj'JJ'^RSp^ thaty S'-^'h ''A^:, 
; .r- : isi^^ot . an IntegeiJ^i^^ r^^^^S-^ly Include^ a;rt;:^Phfto^ar^^: 8 - , s^^, 
;"j Try^ to show' this V . ' - 

2*. (Optlttrial) Xdu/learned; In Chapter 1 that bet^en any two : 

■ - - - ' A ' . , . . j . " , - . " . ' ; ' ■ * ■ / • , -sji ■ ■ . ' . ; . . . 

: ^points Wvthe^:number. llrie^ there are always In^lnlte^ many 
points labelled with rat i bnkl^ .^^ber s . ^Do ,you; think that. ' 
: ;; :betwe!en any- two^ points on the number line ttiere are/ . 

- Inflhi'tel^'inany^p^ wh6se coordinates a:^e not:i,^nly / i 

rational, but aisb perfept squar^ 

liiipi^ this result ?^^^ ^^^ :^^^ 

\ - Blnt ^ The argument In^ Chapter 1 depended on the f act that> : ' / V 
'■ by .averaging, you could always get a rational number between^^ 



any two given rational' riimbers * Unf ortunately, the aveggse 



of two rational perfect squares is not neGessarlly a pe^^ct 

squared tian you think of some other "way of ', getting a 

* _ ' ■ . 

rational perfect square between two of the same? ' 



er!c- 



- ^ -Tsr- - ' - ~ 

! ■ ' t ■ ' 



;8:« 10 



Mi. 



296' 



.■ 8-- lb; ■■■ Slmplifieakon ' of radicals . We observe 'tHa*;- there.- 
can toe only one posliive number a which is a ^^^|>o.o*-of h..,^ ^ 



J-or -if,;therf^ were .:a. I^cor^,^ -^qslWe. m^^^^^itth'^s ;. 



.tlia same -as a,- theh,llthai^ a X^ b b^^^^ 
thesi; two- cases, rfspectpely^ would ^%vfe;^^,^ 
^2 a2,, bec&use of .te multl©llca«on p^ojerty>of.j^^fer,; aM^^ 



squares of a and b'^could.;n6t' both equalj n.: 



2iiat©y;4^.PWa 



'multiplibation?)iequal ^ ^s^^Vs^must; be; a square root of 

;Sv'^ SiriSSwe,%a^fe^ there^^^ls only ;on© positive 

r^eft vm^^ Of 6^ It mipt be true ^ that ; ; 

Exercises 8 . - Jpa.t ^ ^ ^ ^^ -^ ; " -.-^^ , ^ . ■ 

l^^v;Fdnav a simpler expression fote ^ , J- ; . ^ ^ r - 

^^li/ii-y 2 

Sj^-.„iyj^t^fMrlotlon. 



v(c) 



\ 



;2 .; > Prove ^hkt for^ nnf two hon-negat^ve numbers ^ 
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^3* Is it tiTue that for every real^numbeiy a. 




W^. it- t^rae' for. every/ non-nagative - numbej?. a? . - . . ;■ 

■■V" ■■■ ■■■ "We can^use this ' fact about aquare roots' 'f bund- In -problem ,2 
■ l[x:;vf^d B^pBM^p a s J^gi^ ^ ;Square ;rpp^ ;^tb . ^pV^ / -Uslni -what^ ^e/ know 
#f^p|i^ipt r:f SL^^ :we;-,^^puldi: ;f or \exan^ ■ ^ writ e ^/TOvas ^ any, o£ the^. ■ ;^ 



-V....... . 




..artcJciMJi^iii^e .^; ^ f ari' hpweye.r, ; this . looks llke^ Ju;^t i^le ^. ■ 
amusement /;; Whati Is the point- of . trying any or these? Is any ,. 
orie^Qf l'these forms of Simpler dn- some sense than any .other,.; 
or, dndeed, simpler than the . orlslnal. V,^8 . ; ^ 

■ /, .The f irs-t :one, ;V!1"V5 ' certainly is no ■ Improvement, or 



: merely'^ exchangee two : rad.lcals for one . The second^ expressl^nr 
, "however ,'■ does . have something In: its .favor, for .4. Is | perfect , • 

square . c'-Thus VI" = and 'we' have shown that YIl = P')/l2. ' -Since 
■ ia ds/a' smaller ■number than this , might well -be ' cohsidered; 

an improvement. Now" let- us look at- the next .formj "V^. -?t/3't/i6^« 
-One e.- aga, in ,..,,dne. ~ of ^.=t he .:-r ad Ic al a...-W.e„, ha v^^^ 

_perfe-oA--,Sjquarei:::.'^lfil5jj^'._^ B commutative -property of multl- 

pllGatlon,-' we can now write. .V^l, = ■'^]fd. • Neither, of the. last two, 
Expressions In our list contains a perfect square under a 

. ra.dlGal sign j ■ so they have nothing to offer . 
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;*k;^^V^?>Ei6?•^tik •^joriceh'ljreit^- •on''i:lie twd cases In which ciur .f actorihg r^^^ 



-Of,' ^kB ae^ms tcr have glyen us a sampler expression- £or v^.®-. ' -''^ 



m = WW/. 



V '-■ Can we. 't^ll ■which of- 'these we might prefer 2 The difference . .. 

•-.-;_,„.•■-■ . ••,■■'■■•'1:,;' ;-. •■ ' ■• ■ ^ . ' _ . . ■ /--.^ 

N:. 'v,.-h^ two -is. that the first contains .VlS,- .'while .the' ■ , A ' / 

lf-::-' B&i'on&.'^Qpni&ij{p'^yW. But' can be' written .as ^/^V^ and 4 Is^ -;;. 

'■.:;:■ ■ y;et/^ifxo:ther^^ a" very' real sense. We are 

;;:':^':'nc>t^^ftLhj:^h^d whpn we^ h = 2^^.. On th e other . 



■'■'■/i^-shana,..'-3 1^' a' prime number, ^and .since 3 contains, no proper ■ . . . 

.•-^•T;'i'aceorsV-i't>^o'S*^ s.quare f ad tors. /either. 

'^/i^.^Vi.Pr " ■ v.^ "'/'•■■: ^'' ' ^' "'■ 'V .'/ ■ ^ ■ ', ' ^ fA« 

vV;'vHihiia':We''Gan '^!emove' squares fromV3 and, the . 

X^i'^sim'Dlifiick'tioh la finished ; ''mrmeTmoTm,^/^' ±^ irrational an]^' ' 
F^OV'*'''' ■ ^ r ■■ '■ :'■ ■''■ ^' ■ ■ ■ '' ' ■ ■ ." ' ■ ■ " - . . 

f^^^;^p-QB^ .do np,,rtor#- with '.it,' The simplest form we .can find forV;., , 

:>^r-^)]mj''vhivL, '^'^.'^ ■ '■ ■ ' '' ' .',■'■,;■'".'•'■■'■''■ 

''•'l- !v%'''i'W We have looked f or various ways 

," ': ''l ' '''' '■ '■ . ' ■ ' . ■ ■ ■' , ■ ^ ' ^ 

:■' ■'o■f^•'fac'€o^iag'■■^8.^■' and, have picked those ways wh^i made one , of- 
^v-:'^ 'the; 'f&c|Si?'i->^^^^ these,,"..:iJhe :one' we, ia.ke,d . . . ■ 

V ■ •'■'■- be.st waft ^.the.' ohe' ih:;.whlch the.:i|er.fect'. 'square was;''as.,;:iarSe'' 

•'■••••■' ' '■■■*^'^-' '%■'.■■ ■■' '-'^h^-' '■■'■ ■ ' '^-iv"^" ■•" .. 

'''l■-'^•■.poss■lbae.'- How could we find this largest, perfect s.qw.^re fac,t:,or.- , . 

' ■ ' ' '. - * ■ ''Ife :-' ' " '■'■ • 

wii:hout;7's'6'-mu'eh--trlal--and=errGr.?^^^ 



-our-=reeent=exercls'es:=— ln=the=pr^lirtp-factoMzatiori=of=a_i^^ 

square; ^v^fv prime factor 'ffppears ■ ai^.." even number of t-lmes..4 To.-^f^ 

-v-v ,^ ;■ — ■■■■ ^y^-- ■■■■r.r^rr- 

find the largest perfect sguare fagtor -pf a. pcfsltive Ir^^gery 

"■ '■■■..■"■ '• ' ■ "" ■'-■'■ ■l'' ^■■■^.^■i'^K r-'(^^'' 

therefore, look a't the integer's prime ; fact or*zat ion,: and- .j>lcK^i>''i-> 
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'^^299. 



put -as' many factors y ypu can 'that appear' In a pairs , Tha^e ye ; \ 
' '■ j^^ your largest" perfect square f adto£*i. , 

:;\:v;hsLy¥;^aj^'^ vleM"nea a neiter' ;way ; of pay3||g ;the* * sgune Hfflphg : ■ ; v ; ■ 



(Why?) 

. ■ . .■■\ 



-^>Y;om '^jiiay. hav^e' "wondered whyj when we <foun,d an expression llkd 



;3 Vi6j; jw;e -p as ^^3y*ratWer : t$an y 3 y^ ^-^^ 

The reason Is that we Srsfer: not^ toswrlte thQ.- extra 
cation:. symfeol:\ia^ iB-tter^pression*^ .-^^ -It/^out, you :say^^: 
and waSlte. 3ti&t:,V3-^?^^^^^ li thatvp^oplf are^ 

often ' not very ^^areful how long /they make ; their ; radical ,sighj > 
th^ h0xt, thlng;^^ know^i^he exp^e^aipri wlil\4ook^^^l^e 'I^Wv^ 
is 2bo;aydid thlB;'chanoeJ6f corifusioh ;^hat;,:^ pi^&fer^tpf^ Wj?lte 



Exeydlse:S- 8 w-- ',1G^ . 



:3:^*v.:v:W^ite' .1^^ their • simplest f orm . thfe. foil owing j . ; " ■ ; 
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* 




m t 






.IPs' ■ 

..^ (a) 




(J) 




(s) Vis 






, ' (K) 




« , t s 

(t) sj9 + 16 






(1) 






■ • ' : (d) ' 




(m) 








V192,, 












' • (0) 


16\^ 


— 1 — 












(h) 


71/63 a ' 








' (±)° 




(r) 




J*. 




X, If X Is 


a positive real numbe^; 






iK^- = 6a 




- - \^ ■ ■; 






= 56 




% 


* 


(c) 


x^ = 16*; 




ft? 




(d) • 






* 
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"3. Simplify: ■ ' t 



(a) Veox^ ' ^ .(h) 

•(b) Yi? (i) 1^3 



3 



5 



(c) Xfai? , Ij) f9?+l8x% for positive x 

(d) A^^T^ " (iO F?+8x , for positive x^ 

(e) V^Sx^ » *U) V? 

(f ) ^600x * (m) , l/x 



" +x 



' +9 



(g) V.625x2 . , • , (n) V500 

(o) * V50OO 



i6' 



ft, 



30f 



8-11 



^, sajnpllfys 



(ft) 



(1) Viia-b 



2^2 



(d) 

(s) 



(1) 



97x' 



1?? 6 



1 



(n) Vl20 



5. "t'lnd the truth sets of the following sentences: 



.6 ^ 

5t 



(d) 
(©■) 



2u^ = 16 
1 



3u' 



« 9 



If) = k 



6. 



Show tha'b.'faf pg*iltl*e raaj numDera a acid b. 



h -11. Slmfellf loatl0ta of radloais involving f rao^lons . 
We have seen what i^e would Alke to do wlth^ Integers and v|Lrloua 



powia7S of variables ur^ef*^ i^adlc^ Blgn^ what t^e goals 

of slrrfpllfylng fftuch express_lons ar^ / Wtaat do^e^do If ^*^e ha"^. . 

a^ fractj-on ^nsMe the radical? One sulji tfase we * have f^lre^y ^1 

F 2 



handled] we had no hesitation ab©ut writing 



- *^ / llow 

3 Jlk^^ i£ 



1 



4* 



supp|se we were faced w3^hy| ? What can we do with this 
We cdiit write'' 

(Why did we pick this particular factorization?) Then 

■ ■ Wt^^ =1^- 

Since the only radical left Is-sjz, which we know cannot b 
„ simplified, we are finished with this particular problem, 
"donslder another example: 




T Y3 

. .... . . . - 

1x1 

f*-PQr what set . of vaiued ^ji a Im ulie i-baulL aendlbie? 



Exercises 6 - li. 

" " " u 

1. Simplify:' 



, ■ . , 8 - 11 



(1) A/2 +4, 



9- 

2, Perform the Indicated operations r 

(a) ^ ' ■ (0) ^ 

(b) . i (What restriction (d)' "^L ' 

on a?) 

v; 

We come now to tiie udBe or radlca.lB containing fractions 
whose denominators are nut peji-i'ect aquares. What do we. pro- 
pose to do wlth"^^, fur ^Aample? We know that 

V 3 

In' this form^ irivoivtta twu square roots of Integers, and 

V 5 

this certainly Is not as ^inipie ad ir it invulved only one. 
How should we change ao UlcaI thci-e would be only one 
radical (with an integei* uiider^Lh.e radical sign), In the whole 
expression? We^ have two ^ ciiolces : V/e mus€ s^e^ow: get rid of 
either the --'V 3 or the y 5 V And^ ^^^^ ins tarac e might we get 

rid of Vs"? Let us recall the de^hltlon of')/Y, It is a 




7^ 




r- 11 . ' 30^ . . • K 

number which whert used as a factor twice gives 3. " , . .used as _ 
a factor..."] this is the clue. If we wei»e to multiply the 
whole expresBlon by''i§, which Is Just another way of saying 1, 
"then in the numerator we would efitVlVT, which Is Just 3, and 
the radical would he gone. In the denominator we would have 
YdVT, which is and with this wf can do no more, since 15 

.contalhs no perfect square factors. , If we write . this argument 
out ih sequence (slve the justification for each step), we have 

I = ^ = ^ . ^ = 3 

We .have, done what we set out to do; therl is only one ■ 
radical left. We dia remark, liwwcvei-, ihat -we had another 
Choice. We could get rid or luc y'S Inatead. in this case 
(justify each step). 

Which of Qur'Hww riaai ^.^prestilori^ wwuid we prefer? Each of 
them contains vTS aiiU uo uiher radicaiB, ao that tiie argument 
'we have used thus far will not help us to choose between them. 
People usually prerei' the Bacwnd J^heae, and her-e is, why. 
If you had some sort uf acuimai ayproxliimtlon to ylS, then the 
second foym leaves you with an dasy division to do^ while the 
first one vrould lead to a difficult division. You will' see hdw 
to find such an approximation later in thl^ chaftfeer,' But suppose 
'that you were told that yTB ^s^,, approximately equal to 3.873. 
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8 - 11 



How would you find a numerical approximation td\/^ ? The 



— ^ would leave you with the problem of .computing^ q - fi^Q 



^ which Is easy 



form 

which is^' tediouB ; the form. Jead's .to 
to, dQ> and yields 0,775* , : - ^ ■ " ' \ * ' 

For thlst reason^ then, the. form which 1^ avea^ "the - denpmlqatpr-. = 

^ . ■ ' ' . . . . . * ' * / ^ . . \ . 1 

rational Is^ of ten preferable to the form w^lch leaves^t|if nimer^ * 
.ator rational, ftuite "naturally^ the.. procaps',. which .le^%.rt|^.;a 
rational denominator IS called "rationalizing dfenomlrtet6r?lfr ' • 
applied » to the expre6Blon\/^ , rationalizing the denominator. / ' 
leads %Q ? , as you. have seen. 

BxerclBea 8 - lib. 
1. Rationalize the denuininator 
j Example I If x is positive ^ 




vT " |x i ^ 



positive in order that be a re^X number^ J ^^^^^^ft 




J/ 



.1 



. 1 
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3. Rationalize the denominator: 



VT + VT 



(c) 
Slmpllfyi 

(a) (Vf ' (c) CVx 

^ ' ■ Va J 

Having Been what we woula like to do with products and 
quotients of r^adlcaid iu ui^dei^ lo almpiify them much as ' 
possible, wa turn next Lu ^uim c^iid differenqtis* We know that 
and VT each is ix-ra Uluuetl and that neither can be simplified 
^ any rurther* But 1^ theix^ aunt ratioaal? Try itj If iV2'+y%) 
,^^reJk rational riuinbfex^ .;uuid ^uu square It^ (see problem h (a) - 
above) and conolude aoxue^thiiig about ^Is this conclusion 

about V^true? What du ^uu uwiiciuda abuut your assumption that 
( VS + V^) is rational? In tiie i^u^nm Via^ , you can see that 
rational comblnatlc)n ui \/2. aiidVS can be ratlunal. If, there- 
forej.you have reduced a aimpi irication problem to the point 
where the expression re&-ds aV2^+ b.V^ + v/here ^a^ b, and c 
are rational expressions, then you have gone as f ar ^as you can gc 



/8 - 11 ^ 308 ,. 

On the. other hand, let us try, for example, ky^ ~ fV^* 
Since 12 contains a square factor, you are not through. By 
- the .familiar procedure, you obtain: 

4VT- = 4Vr= - 4W - 3V3" -VT. 

The last equality follows from the • distributive law. ^It appears 



that we .were able to- simplify cons iderabliy in this case. 

What is the key difference betir/een these, two examples? If 
you have a sum of different, radicals, no one of which contains ^ 
a perfect' square factor, are you then finished? If one or more 
radicals does contain a perfect . square factor, .can you. be sure 
that nothing more can be dyne? 

Exercises 8 - lie . 

1, Simplify: N. 

(a) V2 +W ^s) I +^ 

(b) ViB -Wf (iO vBo =-vf8 +vr 

. (d) Vaf -Vi8 (j) ,VP +V6F 



(e) ' sy^-VH ' (k) \/5x^ -ry^SOx^ |x| "V^ 

(f) ^V^ +Vre (1) + iVTl -Vio . . = 



(n) Vir ^=;V?3 

(o) 




4 + V5 





■ V 16 



50 +\/| - sym 



10 2V7 12V2 

.(t) VTW+VsVio, 



(u) 



2 r. 



2, Simplify, for positive a, b, c 
• (a) V^+'qVT r ' ■ . . 

(b) Via +vCa " , 

(c) V^VF"- V4ato 



(e) V^b^c" - Va Vc 



2 3 



■(f) VTFa - ivTO 



3. P-or what values of x are the following sentences tmxel- 



(a) x' . 5 



(c) x*^ = 2ii 



(d) 



X 1 "\/3a 



(e) xVi'^vT 



(r) 
(s) 



X = 5 
^ 3 . 



8-12, S<^uare roota . Yuu have learned to recognize 
Instantly the square roots of 1^ 4^ y, 16, 36, 49> 64, 81, 100, 



121 arid 144, You may^^even Be able to Identify the 3'qui 



roota 



17- 
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of 225, WO, 625, .900, etc. But what is ttee square root 
31200? Of .0621? Of .0000123? We shall try to answer these 
questl''onB in this section * . ' . ' 

know that the square root of 81 is a rational number,/ 
because '81 is a perfect square. We alao know that the square 

. r ■ • i 

robt of a number which j^. not a perfect squarf , such as 29, is 
"^^fra^iohkl, that , is, Vff^t^annot be written as' the quotient of 
two integers. What 'we mean by "evaluatlngyfl'- ir finding a 
rational number (in the form of a decimal) as close toVig as 
is requited, A rational niomber close to Vfl' is called an 
approximation .of Va?. The difference .between Vif and its 
rat ionaA approximation la Ciiiled the ' error of the approximation. 

The're are two stagtta la tne pi-ouess of evaluating a square 
'root. First, we must make an "educated guess" or estimate of a 
first approxlmatlbn. Second, we must refine our first approx- 
imatlon by a series jol steps designed to bring our - approximation 
as^ Close to the value of the square root as we desire. \_ 

In order to make a I'ough estimate of the value of the 
square -root , Of a niimber, we should first put the number |h^aS..> 
standard for^. By this,, we mean write the number as the product 
•Of a number M between 1 and 100 and a power of 10. Eor example, 

Zy'd ~ 6j:d .X 10 - 3.92 X 10^ \ ■ 

•J 3 
3920 i -3y.£i X ly" = a.y-i X 10 



^^^200 = 3-j.2 X 10^ = 3.92 X ig- 



Notlce. that each.^Pte'pse numbers can be written eitheJ- as 39.2 

% ' . 



. times a power of ten or. as 3.93 times a power of 10, 

' , If we define 10° to be l-, 10"^ tp be l/lO, 10"^ to .be 1/10^, 
etc., ;then we may wrltfe ( . • ' ' 

0.392 =-39.2 X 10 . = 3.92 ^jia;-^ 
■ " 0.0392 = 39.2 X 10'^ = 3.92 X 10"2 

■ " ' 0.00392 = 39.2 X 10"^ = 3.92 X 10"^ - 

"You^^eTthat any numbeiwoan :be wtltteia In' 'two f Qrms -aB. ^ . - - 

where M is a number Wetween 1 and 100 and k Is an Integer* In- 



one of the forms^^.k is an even Integer j in the otherj k is 
Write 29300 in tvfp standard forms. Dp the same for 0.000293, ^ 
For 0.00293* . , 

Now we are ready to make a rough estimate of the square root 

of a number. It Vvrill depend on our understanding that ^10 = 10^ 

k 9 fi 3 ^ ^1 ■ . _ii «p 

\10 -^10-^ 10 - 10 tiUu., and lO " ^ 10 10. 10 

etc. What is 10^ ? Make up a general rule for the square root 

' " ^ ... 

of an' even power uf 10, Let us rnake an estirrrate of '^ 35^000.' 
We know that .." ' 

35^000- 33. U X 10 - 35.. 10 ^ - , 35.4 x ^10^ . - 

h _ ^ ' ^ 

(Whsr did we choose 33SpoO ^ 3^J^ x 10 rather than 3.5^ ^ 10- ?) ■ 

Now our problem is^ narrow&d auwn to an estimate of the sqiSarSi . 

root of a number between i' rand luO. Vlhat Is your estimate of ' 

35.'+ ?, Certainly you will say "6", ■'because' 6- ^"SS, and^^S Is ' | 

■close to 35<4 i -. We- will- alv/ays -be able = to estimate ,-to» -the neapes'^i 

Integer the valUe of the sqijare r-oot of a number' betw-fen 1 and ^ 

100. So our estlftiate of. 35^^000 Is 6 X 10'' or 600. Next, let 



US estimate 0.00000853*. Since 



0 ..00000&53 - 8 . 53 X 1= '8 . 53 x lO'^ , , 



we 



estimate' 8.53, M 3, 'because' 3" 9. T.feen an estimate or 



0.00000853 18 3" X 10"- = 0.003, 



■Exercises 8 - 12a, 



1, Write each of the following in a standard ^fbrm Inyolvlng kn 
even.'power bf 10: ' ■ ' ' , 

(a) 33 ' (a) '3.1^^16 (s). 0.273 

(to)' 0.0726 - '(e) 0.00823 n ■ (h) O.OOOW . . 

(c) mo ' ^ in 70260 ' ■■(i)##Dfioeo- ; - ■ 

2. Estimate the foilowin^; - ' . . ■ . . ' 



(a) VtW (d) VsouooT (S) V0.507 

(b) VfT' (e) Vo. 00580 (h5-. V1003 



• "(c) 1/0.0604 (f) V99999GO (i) VO. 0006001 

I. , ■ , , 

3'. (0pt-lonal)\ To estimate the cube robt of a number, writ 6 the 



number in a st 



alidard rurm invo;4&fe|'i %ower of 10 which is 'a 



multiple of 3, etc. What Is a^fj^fiate -^0.0260? Of 



yTSo 



6? 




After we have- eatlmatea Uw -fequM-x-e root, %^at is, obtained 



a fi^st approximation of the square -root, we. need a technique fc 
improving the approximation. ^ ■ \ ' ■ ■ ' . 

If we want 'to approximata " the vaa,ue of n, ' and 11' x = 'tx^^ 
then'V^ = nl i,e,, x-x = n.'^ (Why?) ' We' have , al-^eady made- an • 
esjtlmate of x, say x^-. Then ' . ' , ^ ■ . , 



■:• ■ V" ' , '313. ■ . ' ■ ^ , ■ • , : ,a - 12 

■■■^ ' ' '■'■(■^^ ' - , \' : . ' ' '. ' '\ , V 

. Jf the estimate Is too large, then , the ' Qther number z must- ^ 
■'be too smalls Jf .x-^^ la ^^i^ small, then'z too large* ^It 

^-folliows^ therefore', 'thaV^VnT lies between z andx^.. Since • , : 

z = E we know that Vn^llea between E and xw . Thus'' a likely*; 

next apptOKlma'tlon of / Vn" Is* half way betyfeen and x^ , So we ^ 

take as our next a^rbxlmat±dni their average 
1 



Etet. us try .^his . tedhnlque "for V,3,iaO0. Since 
V312O0 =. V^a2'><at5|'.,'s ~ A/3.1 2 X 10^, 



V'Me 'are' cone erned vrt.th the/vaiue^x>y 'v 3,12^ . A f l^'st estlmafe 

.3.12.; 



■'^VJS.li 2.'- (WH5r?) : Thus, \^f;a^'llSs BetweWn'ii^'aM '2, t^eV^" 
'■ ■ . ' , '? ° 1 1 1.*' ' ■ ' ^ . . ■ 

: between 1.56 and ^'itheJrr average Is |-(1.56 +; 2) = l.jS. This 

meariS' that Vs . 12 1.78 (the symbol meariis "Is' approxlsiately., 

* equal* to"), ©r ^^31200 ^ \/3Vl2 10^^ l.?8 x 10^ - 178. 

■" ^ It can b# shown that this second approximation; may ^be in ^ 

' errpr the third digit, it we want an eyen close'^ approxln^t- 

Ion, we m^ay again "divide ^ and avex^d.ge". We could use our second 

apprbxdjnatlon^ 178, as the dlvtsorj but for^ practical purposes' - 

it is suf f Iclenti to usp a twb digit dlylsor. Thus V3,12 lies 

between a-^d - 1 . 8, i.e., between l . 733 and 1.8; Averaging 

\theB6, a third approximation 1b ^ - 



i(l .733 4 1 .b) - .i^7b, 



Thus J ^ \/3i200r ^ 176.7. ^Foilowiag thd procedure .outlined ^iL^p^e iJlJl,* 



^ih general j glvfe an approximation which is^ lr> errol*, by^po 'more' 
' tha^^ 3 '^rt^^e fourth digit. 'Jor this re ason, .we ftopped^the^ * ; 
*divi€io^^of ^a.ia^by 1.8. when we, had obtalp^'d fo^r digits, 1,733;^ 



'•process -of *evalua.f4ipE»kk be put lato ..,. 

rln. As anbtlier exampm<pt us- evaluate VA^^OOag..;- '^^...■■i-- 



table forln 



. Vo.0029 =31^9 X i6'^,=Vi9W,,i'o"f:..^ . ^ ' ' ' 



Sinc«''€? 1^.25 and-e^ = 3^' the aios^est Integer 1^ 5 J s 
^5 aa7the;t^.pst' estimate. * 



G we take 
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— • >^ 


Approx . 


29 , 












5.80 


5.4a.: • ' 










5.370 . ' 


"5.385 • 









■ . - ■ _- . ^ . . , - : __ , • _ 

A tatil# BQuara ?o o t ve s 7 1 o ^~ SlgTts7V2|~^57S85r65j" 
this shows/tl^at our s-fecond approximation, 5.^0, Is In error by 
.015, ajid oUr third approximation is correct to' four digits . 

Thus, ■ s ^* • ' 

.Vo.0029^ 0.05385. . 



. * • \ ■ ' ' 

»We may observe -several facts from the ab^we tabj.e^ 

all 6f which can- be proved: ®(l) each new approximation is ^ 
■grelter" than the d'eftlred root, and. (2) ^|Lch new appr^imation 
has about twice tha number of correct digits atfjhe previous 



... .... , ..f. ^ i,, . . 1 

approxiihation * - , . . . . 4 v / 

• Summary: $6 evaluate'T^n,. first write ^ as the 

-aquare~^root-Of ;aiumbeff rAetwema .and . ia^i^^^^ 

=pbwerlqf.^^ten: JO^^^iCxjA-oH ^^Jlx^ioi,! L<_Ji^^%Ojlp W ^ 

inty^ger . • \, 



......4. . - -^^^^ 



....... ^- „ .J 



'iSecotid^f -e^^ nearest Integer . '.^hen a,;-;;- ■ ; :•; .^^^'^ 

second approximation Is obtained by dividing and averaglngi . v. ■ ' 

X^ 




2, 



-"'■ parry but ^le.'^ —/ bo three, digits and, rememberti- that, thf 

• ; third ■ digjt of x^ may be ^in ■ errir ^ ' It- more accurapy> wanted, 

^ -.^^ ■ . V'S - •■ . ■ 

round "x^: to' .two. digits, and repeat . the (progeBS bt dlyldlng and= , 
'^■' averaging, x^- will be errop by jio more thart^ In .the, 4th : 
yr'^dlgltj usually the error Is no more than 1 In the, 4th digit. ^If" ; 
'still more ft accuracy "is desired, 'repeat the, process of . dividing, 
; -and ayeraglng (but do not round off the 'divisor).. - Thr;^imber;; ; 
1^ : of icorrect dlglta .will doub^.e:^©ach ;tlme / ^ , " ■ . 1 , ; _ ' „ 



. y ■ Exerdises : 8, w" lab> ' . . ' ^ .: . ; "' .v 

'^Iv'" tTsS -'^e^^'^^ In problem 2 - of : 5^ercls€B'-8 ^ 12a,-^-^^ 

•'Vto .f lnS the :,,se.cond approximations' ^fo 0. A,>: . # ' . : 

' ■ . ■ ■ : (d) ,>X3040P7,; ; -■ ; 

- ■ ^ ^ ' -(b^ ■ (e)^ VQ.Q0580 ' ., 

, .^(c)i:';V^^ # /(f) ! V^99999QO ' ; * .v .. 7 ■ 

2i : vf Ind the ■:thlr:d'- approxlmatlbns pf t V - ■ , ■ ; ' ■ 

: :vo,m7^ [^^^^ ■ 'I ' /(d) VSTimI ■. - ' 

• ■ .,:(g^' /V'5286 ^ V , ■ ■ . ' ' . . .(f ) V502060 ■ ' \ . ■■ 

:' ,---3:V-' If .-.'s^ou had a table: l:^tlngj^approxlraatlons of. the square ro.ots 
"~"^"^Tfrrthe"^lntege 

■ '"'tablF-to^ f Inrirrapprdxlma 1 1 on of Vo . OOf 5? 'm^WO,m<ST" ^ 7, 

. ..: yii^.. : . ■, r. ... , : ; ... .■, 

. , ■ISO ■ ' • . ' 
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'f^oot of the^ddei^ being; a from the ;iDaae . of the iVfall . 

- ■ .^ete^TOjne the hi|ght '^t whloh /the ladder': touches tljs wa.ll. 



vthe 'bhlrq|/;'ai -VhQ, -res\ 

/' ( Qptl^^^ .f The proceaure we have "been fdliowing for- approxi-^ 
latinr ^^pe; root eeema to. work ' It; seems^ to . glye rational 
riumbers wh^§..are; craoaar and ..closer, to.the ; i.rratJ.onai 



m 



-fir i*i 



root * The .questic)n' iB^r^ Let us^reas^n as follOKS 



If is a pos^lve approximation' to Vn such that > Vn/\;bhen; 



-and 



and 




Then^ by addfoig -x^ ^ to 0^ 



---lili^ip^ ■ -J Xr^- "-S-N .^i. vfe:. have ^ , shown: .that ^ the , 'sec^ad. , :apBroxlmatr . 
^ /a^ ' lff^lways . Igfts than ^he first : \ \ - / ■ • ' .w^ ' 
MLet -the dlf ^%penc^^.bet^^r^^ an; approximation. andVn be o^lled^ 




erro'r e' bi* -^ne- approximation. Then 



,x^ -Vrt 
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By adding" f rabt ions, on tHe' rlgh.-b' and o opiinut^^ ^^ e jm a , ; . • 

i—. : - . i j_ ^ ; -J ■■■■ ■ =' ■ ■ ^ ■. . ^ . ■ . fc 

. ' ■ ' , x'^ - 2Vn X. H='n. \ ' , " - 7 
- .e„' ^ -i— f- . (B^lll .'ln tt» stepfe.) 

But .the nijmarator on ,the right Is. a'yperfept sq^re: ^ ., ' > 



7 -r-2«r^""-*- ^--r-rr'^B": ~ 



Now observe these - facts : a * . ' . 

(l)^:.The" error e^ Ifi th^ second aM>roxlmatlon, Is positive^: 



because the: sqiJare eOf a^y non-zero nui^ pQsltiYe . /l Eenom^ - 

.is ■ greater than -yir. vmjr?\#,Then'v€^< Xg < x^, „and we .have 
P> .. f ■ ^ ' .-. 

shown that x^/ ISj close p tq ^n than Is Xj^. . ' * -'\ | 

ft ^ ■ ' ^ . ' . c ■ 

(2) The ^.sama procedure would glv.e us the . error of any .. ^ 

approximation 2^ Mi t&rms ff tfcie " preceding approximation Zj 

^^v; ' -^,1 errdr"of (z - Vn ), ^ " - - r ^ 

and thl^'arrdr Is always positive i ' Tli#n x iS closer ;-to'\^. than ^ 
K.. ■ ' -A - ^ . ^ . ^ ■ " , Z ' ' ' . " 

s^Vr '^WSrws^'^y^'^pXEoe \^^By^"x^ " gnd~ ge t"^the^^^^^ :z 

' \ ■ ^ ' ' ' V ^ ^ K : r ■ ^ ^ ■ 

■■ , . ^ : 1S2 ■ ■ .. > 



Sf'-.-lS'. •■■ -■■■'^■>'- ■ ■ ,318..;-:. ,■ . 



.8?^,- 12. 



error - of , X (z - ^^^. ■ 



".-4. 



. where z is the larger of the ^previqfs approximatioj 



... b^.the previous, appt oxlma-^lbn , 



Going back tb/otil- 'approximaMons^ of VWi .r^ote, "^^^^^li^^g^SSl, V 



and =^.^5.^3 hence, the art 



ot X, is : ' - ;.; ■ :■.^V;t;^5.i^^^^"■^■■•■..• 



X;0j:.5)_ _.^ ^ 0 .000 

10.8 J ..- 




I 



-^.■.!Li-' -•.'■••1 



that' x^'XB ■ larger thanV2|>y ^Uomm^m' -^-^^^f^^Jr; 



Th^ niQans 

that we . couli . ha,ve- 'computed tfd{;^or 
to six digits, we have- 



Lglts, we nave t|^-^^- ■. - . ■> *--"tT;.V'^^^^ 

3 ■ 2 \ ■ ■ ■ 5 . ^ / 2 J - .J J ' ' "V--.-- •' ■ •- =: '■ ' -ii 



This Is too large a 
have 




If tht 'eipJor eaGfe-aRproxijnation l^p^en' |hto ^^"omt, ; 
one can.ohtain-3 large numbetf of, ^c%rect;: digits Very ^qui^'l.^^g^^ 



Bet us evaluate VSTloO again as-.aw exampit,-; ■ ilnceVSlfPf , *f 

\ ^ . ^ : '--1.'^^^^ 1^-^ 



V3.12 X 10^, we compute "s/3.1-2. 



erJc 



- * M u 




319 



v.i 




^ 


' 


" *3 So-. 

?:?, . • . 


/ ' ' • . 


■ ■■ ■ WSi 

• ^ .. .;:''Apppdx^. t:V:-.-. C 
-;..^;.:^■■■.E^^oA■6^^,i^/■:^;^: 






-k ''^ .^^ • ■ ' f ■ " % 
























li78 ."01 i 'l ' TT ' 


X .. 76271:1 / 


. 


■ -.^6 





• I7>fe6355. - ^ -.ooopo^ -= 47. 61351 % Xii!---V'"'v'' 
. You- mlgHt l^^nd^ hQw/^4i? "to oarry.-out the 'aifrlsloij 4^^/^ Th^ 



,.2z 



1 



z.. n 




.« 3.i.'2. 



cart^iad ou"^' fp."r-^ enough " so" ^s. digits begin t6;-3itffer^ tTpm t&' , 
digits df 'Zj VJB c^h 'f Ind ^ ■ - X, Jn thl^^ qa'se^ 



m ' . ,v,. 



»py 



Now 



we;;.C;an. f ind" approxlma'^ely j 



in 

t IS 
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0, 



i^'r : (ije-il&w' ■ Ijt^'t if we ; c or 



■■;-'3'20:- 



ti^t if-we' continue the division, -/to sl^ •decimal' 



J^d^'a 'i^corid appi^oximatlon .to.'eacK. Qf' the .following, 
'Hli'ViV'-^/^M'^iing- each" approxlmatlonr;?;;.;^ ' \ 

^^^^M^-'^Q truth set of - ea.dh;o;f-1ihe folldWlhg:.- ■ . .- . 

';.|'p^-*'^(Vetermlne solutions. CO " \ . 



(b); x2-5i9- = o-. - ■ viM. x^- -. 0.792 = o ■ . 

If, lin the calculation of aysquap& an approximation; , 

z 'of the root- Is 52 V' aoid If the error,;e, :lh z Is known to / 

• >• .■ «• . ■ • S ' ■ ■ 

be between .2 and .3, then between what, valu^^ 

(a) Approximate the square: root , of 26.80 to, the nearest t6n'-s . 

(b) '. Using this approximation, f Ipd ' a second, eioser a 

. 'imatlon to the square root of 2:680,;(wrltten ,.^o three digits 

onlyv) . ' . ./ ' , ' ' 

- ."^:vi^(c)--l Write ^Ird approximation to at leasty sixy da^i ts ' . ■ 
• '(d) To how many digits is this third approximation correct?. 
5.,- Show that f^r positive n ahd. x . : U .... ,y-'}:-., :' 



ERIC 



4 * • 



■'■ (Hint !'!'■•, Note that the error , - 

Is -always pdsltlve' or zero.) For what -^ue does Ijhe ■ ' 

• • equality h'OlA? ■ ' ■ _ . - .■ 

. ■, ^' ' ■ ■ . ■ . ^ ' -. . . , : t- : ■ ~ a • . ■ ■ . 

' 8 13- Re-^iaw Exe3?Qlsee , \ - .12. • • 

1. Express as the- product ^of^ prime numbers^r <^ r ^ 

(a) - 2a (g) ' 360 >^ 1225 
^ (b) 363' . ^ (d) 2844 (f) 2310.^ 
2* Find the least: common 'multiple of each of the f ollowing .setS' 
- of-numhers : . ^ . • ^ , 



. (a) 24^ ' 36 ^ ' . (c) 8, 24, . 40 ' ^ 

' ■(b) 24,- 108 - ^ (d) 75. 45. 500 . 

3, Find the greatest cormnon factor of each of the aete of 
:^ numbers In problem.. 2 r - ; 

4. A famous problem^tates that ever^ even number greater than 
^ ' 2 is th^ sum of a pair, of prime. num^%rs . . .For example ; \ 

' U ^ 2 '+ 2, 6-3 + 3, 8-5 + 3, 18 = 13 . 5. etc . ^Oan ' 
you find an even number less than 100 ^Jor^ whib^th^ statement 



__ _ ^ _is_ not 3xnie? , (aol4ha|h. Iris 174j_Wadt this ^IgJ^nal statement'^ 
which has never ,been^ proved, or disproved .:)! ^ || 
v' 5^.^^ 'The primes- which differ by 2 are 3 an& 5j: H and 13, 29 and . 
~3l7"^^fc T^T?^^ 

palWTmohg^theTiumb'erB^ ^l:^^than^£)OT — rlt-=is=s t-lid=not- — 
f ' known whather the set "bf prime pairs is firilte , ) 



8 



322- 



6v 



;A remarkable expression, which, prdduces many' primes is 

' " ' ..2^ 



n 



,If '.n is • any number , of the . se.t*{l, ,2, 3, . * • • , 40) the value; 



Of the expression Is. a prfinf " number,' but for n = ,p;ie- "-y 



expr e s s 1 on . f a 1 1 s 



. ^--.^mm ^ 

tve a' pplme .number.. Tell; v^j^^^dtg^f |tls> ^ 
if •■ an -algebraic"" sentence 'Is. true for the "first" Uo&^^^i^.^; 

' tW yarlabley Is It" then' nee esskrlly - true for'^'the MOlit? 

■ " "' ' ' 't ' ■.■0/ 

,''-In pjQblems .'t' through" 2.8 simplify .when ppsslble:- ■ ., 



la 35; " = 5^^ 



6. ■ ■\/3aV6a 



1 ^ 



'g___C33).(_9i)_^4.;2(3.2)_ 



_.„(i^XC2i)-^-(:33)X9_). +__(a„+_3i^ 



iQ. V58 -Vrf-.^yia' 

\ 4cd2 / \ l-Saf^b y 

12. (#)C2^) ■ B.; 




17. 



^iia2 + itb2 
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8 .- i3 



s '■ 
■iSi 



is.: . C3'2)(ac^) + (.3x)^.(2x.) ■+, 2y,^..V (-2y2)3 



20; 



21., 



(Vr:.;V2)(V? + Va) 



22., 
'23. ■ 
ji2iL_ 



-2V^C2;,- 



' V |()/l6 - 

^ - + 1 



4 -S- 



f*- 25. 
# 

26. 

27: 
28. 






V^7)? +.2(j-)(5) + "(5)-^ 



,;In problems 'sg through 35, find the |rrfth sets of the aeh-tenctes 
glyen:, , - - , . 



V .30. 



',4> 
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In each of the problems 36*thrQu^ 42^ uke one of the eymbqls-, 
x \ ^ ^ > ' between, the , two ^ given phrases" so . as. to make . a. true 



-sentence f 




40.. (Vm +VHHV^.- Vp), i^-n% 

. (|x| + 5^^/125), , '\tor X ="25 



43/ J^lna^tha prime "factors of 4U,2.' _ " 

44. 13 the set^bf numbiers bf the form n + m^^ where--jn. 

. ' - m - are integers^ closed uader addition?; Under mult Ipli-," 

- cation? - r ^ i ' ^ . ; ■ . ^ 

"4"5r ""^'ts ^th'e" set"^df humbers * o^f Jthe ' ropm^ ' "n~+" iir'\^7 - where" " n ^r an'd^ 
'are rational numbers^ cl.oied under addltlQr^? >^"toder,.^ 



m 

Jmul-t'ipllcatlon? 



46. \ Is ^' it possible to. find rational numbers m and. n In 



problem 45" ^so that n m'\/¥-^ts^« rational number? -.Prove. 



J 325^ ^ ■ ■ .■■ - ■ • ,-8 _• 13 



I - 



k ' 



If 'g in pr'otlem 46^ ^ '6, -are all, the .numbers " ./n + ^ 

irrationa^? I'ls the aet I'inite^ or infinite^ Does it follow ^ 
./ " ■ - / ' * ' ' ' • ' ; , . ' ' / ' 

f^zom^thlB^^tha^t^ttepe... a.^'n£lnlt aly^-^jmny—lrratiQaal^numti-a^'aX 



Evaluate y SgO (to the sepond apprbxlmation) . 

Evaluate y/ 3900 (to the third approximation)^. ' \| 

Evaluate ^ 



VTO ^ ' . ' ^ ' ^ . ^ -.^ 

(Optional)' "In evaluating ^ VsSl^ .calculate the second, 
■approximation to "^alx /digits .. . What. Is the eBtlmated ef*f*or 

of :thlS' slx-dlglt aecohd approximation? Is*. this "about ' the 

- . _ . ^ . . - ■ ' . - |i . ' - * ' ' ' "" ^- . ' 

-sapie-^a*s~~the- a otu a l~'e r r or— o f— thl B -^s e c ond - a pp^ ox-lma tl oji 
.being' given that the value of Vsil is 17.^9164,72867--? 
"(Note:: Do;, not ^attempt to caloulat-e :thls ^laBt^ valued ^^'v/ ■ 
although It can be obtained by continuing the prooe&s one: 
d%p furth^. y " . . ■ " . 




Chapter. 9 ■ ..." - - svi 
':" ■ ' polyrionilals' and Rational- Expressions : ■ ■ ; " .v,-^ 

Sihat;^^'-^^^^^ 'Vantages to having, a^ number., in factored 

.:Vf.Qrm^ number .268; for. example,; we now have, =^ 

.\;b.esiaes,.;fie ;fW-2(100).., % 8(10) ST^pb: the __f oW S^. 3^. If '^ou / 
/• want 't<5- tell whethe-r or not aSd' is. a'Rekect a qy are, which form- ^. ..^^^ 
' ,-^ouia yqu , us%? What .if 'you wanted to know the, p:Mm.e.. factors of ■ : 
' git?' What .if you v/a^ed-tp find the;. simplest; form! for, ' •^".'Vv ■ 

^arithmetic,'; the -.fbrm a{lpO) +;;B{l6) '+ 9 was;gdb|;;en^^^ ' 

■ - ' of: bur 'work J • "Ih.: algebra,-- the - fkc tored ;f^brm 2.5'. 3|is^,.pf ten: t^andier •. ' -, 
7^^;;~~~;^i~7e^thf^prime~fac^^ 

to be pa Aisef ul we' a^e ' tempted : to 'l^^or 'other .■ slty:at lone; -in ; , 
'^ich^we^can wrtt^ expess^^^ f ormi^r^that Is, as ' - :;Vv' 

>produ.c€s,.pf'simpler expressions ."''^at property" ^ ^the- real 

■ numbers enables. us 'to -wi-lte, :f or an^ realV flUmber . , ■ ... . . 

. . « ' ■ + 3ic ,= ,x(x.+,3), J.^. . , ; . . 

Ts 'e-ach-of'the^ expressions x. and ,(x 3), siirtpler, -in some sei^se,. . ; 

than X .+ ,-3x, ?■ • ■ . . ' ■ ^. • ... 

. '. -The operations we need to formiV^'+^*^. are.-aadltion ahd_y/ 
^Itipi icat lpn7" 'the 'operatlbrTs- we he^ed to^-f orm-x". and'- (x-.+ --3 ) ■ kre 



/ ■"kddltion arid mult ipl'ic4tlon.j but when -we' tr^r-'^other f actors ;whose. 
-^■pi^upt^i s ^ .^ 3;C>x# ^ f , :or (x^;^ L),C^^);^Aey also ; : ' 

■ mvc^ved'^ division^ .'*i^w.lll- ngt .bt satisfied .with factors unless 
J^-ey^nvolve . only ^dltio^n ''and multipliaation,- becaus)e W&.j^ m^. 
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^ . ■= . . . . - : ■ * ^ : 



* '^thkt■.^lW4p^•3?equired • In 'the" original :A +.. Sx.v And . So,. v{e give* a . 
,,''vha,m0 to r^jiEf ssibiiB ".whioh we can obtain by pferf brming. additions 
;;;.,%iid inuJ^ifei^^^^^^^ nujAbei^s/ sofi^ of^whleH may be^*/v 

ty. pQlyhomlAls ^ 'it tfiira is ^Juet one - v^Hable ,. &ay "x", w6 shall 
■'/\;gay " that'Wejhavd a pQlynomlal ln > -Q]^e varlabie or^.f^Just^-a . 
^./vpblyribmial .In x/ 'Ani^lf the numbers (other -than thgee^ expressed^';" 
•/.aa^va'Matil6s.).;vre UBS ,,in the formation of the polynomial are only 

r^..,.;./;.- ...... .-^ . . ■ ^ " ^' ' , " ^ . • ^; ' ' ' 

^';/;C£nt'^gai'B'^. v/a aha^Z 'say th^-t. we ha^e a ^pdlynomjal . over the' - ' • ' 
V '^'Z -^tf' ' . •■'I^'5^r'-v/$;.*aeB. i<3ria.'l3 attracted us; to the .f prm.xCx' + '€_) for 



' 4%"QxV ''Th^"' e'xpresaaoA ^ + 3x, is^^pr- polynomial "in x ovef'thf-.- 

-^-~---^TT-\-rV-^-^^ ---.--li-^ .___._,^__^„1^7- 

:■ A/''^hta,ge^s /- ^T^d when' ^.^-w-r.ote it as ?c(x .+-3),- v^'e Tnanaged^^oVv/rite " ^ 
■ it a& av produpt . of ■ polyn^mlais; over thm integers ^ i and this Is i^. 



: . v^. i \ • ■■-^v • - - - - ■ . ......... 

■ >wjiafc^v^ meant b5r the 'Sljnpliulty^ of- our factored form,' DoiB ^iher 

/..^e prqduct .7X(^ + ^y^.^pr the 'product Cx . + l)(— )^ uee- only ./ 

■ po^y|aom±ais oyer-vthe Int^^gers? ■ - . / ■ . . ' .^""^ ' ' 



"Sxere^ses 9^ - la-. In^^the '-H^t of ' the- pneoedlng dlscusslo^>■^'WM^e' 



t 



V. each of 'the^ following pblynomials. in factored Torm,. - Stite trie;: 
- ■v^rlables^^'^ach polynoml^T^^'^'d a set Vf numbers^ pv-er. }r/hlch.:thp '- '^^^ 
;' polynomia;!?* factors are' defined/ * *: , u'^' v ' ■ = / 



; 1. .3y^ - -6^.-* ^-Thw" i^ a^:p^lyndmial in y , over *the,^ Integers .^aijd ^ ^ r j 

>ind^Qf polynomi al^ ^ . ..t^ ^J J ^ ■' . V^' _ 11 

^t'f ^pt^ -'^^afs^^-. This is- a polynomial in.two ';^^ariab|es;. \ 
/ . ' s and t: OArar the, rational number^." This can be wrltten^in -"^ ^ ^.r, 

ERIC" ■ ■ •■■'•->■■■ ■■■■ ■■■ ■ • ' 



'. .various formsV of which some are': (by v^h^'t'. proi3erti«ea df, 
"real nUmhers? j ■ . ■ - , . ' .y ^ 



Which of these is siitiplestl This ig Jyst like l^he question 
"we asked -aboufc .various factorizations of numbers: .The ^ 
: simpiest form was that in' which, no more factoring was left to - 
>dpv in ;{a), the distributive property st 10.1. permits us to ^ -v: ; 
, ■ ^'factor out 1' a "3" and -an "s (and what' else:?,U in .(b) .thert :. 
b 'ls sti3tl" a- "t''V in (c) thepe- la. still a ''3r.and:theM .#m: 
"^^ll some unnecesaacy fractlQna. ^ m^t^tT^^^^'^^^^^^^'^"^'^ 
we' can as far as we ngw knowj vjeVdo not know whether ^ j 

•' ly. cannot be: factored by any additional application of the ^ ^ 
distributive property J Notice that in working with a .poiyriom- 
lal over the rational numbers, we otialn the _ simplest ex-' 
.•pressi.on if we write It as a product, of polynomials over the- 
Integers times pne (non-integral, if- necessary) rational 
number. . '. ^ - ' _ V 

'7 3 3r 2 ^21 2 
Xx^ - ^x y +. ^xy ^ 

6x^ - 1^4x - 150 



\ 



3x(acz - hyz) 

l6ax^ - 27. 

4 

























,t ' It. 







'f.lntegers^ that, will enable you to ' 'find ' the largest' 'cbnmdn iJl^^ I 




■'10/' -x^y^ -H.-tSc^^^ 













. J ' . j 'i 


2 . 

xy 








■ ^ ■ j f 
' ■ c 





2 




s Vl~^.' What h'^ve' you learned''a^o^,^'^p^,whl4h- you''^^^^^^ 



15-. 



can use here? 



- V- \, We* can now see v/hat ^^faotorlng*^ is godng to mean^^' -i'f 

product of polyptDmlals over the integers^ and vie^&ve not h^^py /, 

until v;e can no longer do tHls to any oC the polynomials whEch -.. 
appear in o|ir product^. ^" r (Remember 'that In thf^oase of .positive 

;egers^ .w^ were not-happy until we^* Wad. all j^i^ie faotors.) % 



Each of the resulting polynomials Is xa|red a factor" of the 
orlglAal 



nomial . 



/ If |the polynomral is over the. rational numbers^ we 
obtain the simplest factors -by writing it, as ,a product of 



■'"^-poiy n qmial S'-o ^ er- th e^ln 



irraitlonai nus:ilbers* are Involved in our polynomial we may not b^ 

factors v/hich are polynomials over, the integerfiv 



abl,© to produc 



" 'but we come as 
'^nov/iedge of ^ r^dical4 * 



close I to this as vie & 



San^, according to - our 
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1D4 



|l-4i;J^ / . \ -1,1 - I,' J-'.' I jt ■ 



Ml 




It ^ 



' > 'J '1 - ' ■">■ 



,1 • - I* 



' Cart '(^ - l)^TDa aonside^ed ^ T . : 



r 



c-SpwnWi '"t (!f .-Sfc'Uffr" l-^pl^T Witt n»i«*^ .* 



>We have -now found/ one iitue-tlQh In 



possible to, factor a poly^L^al, kamflyt the ' case tn whldh the 



'distrJ-butlvA law lets us see 



theue is."a eoimnon factor throughJbt the ^olynbrnial -on which^VJ^ 
were working. In, problem 1* 'of -Exerci^ek^ 9^%'.3ir was'-suoh a 



V factor; In problem. 2,^ it^ was 1st. What wai Ws 'common fa'ctot In. 



^problems 3 and 4? /Have you notice^ something 



\ each Qf'thase cormbn factors? Each ' of \thein Is a\ptorioml4^^ tout - 
It -is formed by multiplication only (think back, toXoUr deflni-' | 
t±on of polynomial), I and so iti is a very special 'kirtd. of , ppd.yno- 
'""Inlal — ^iri'ch"*lB"^aTired"ai"nroTOmto>r-~Thus--a-cat©h^^ 



1 

i.'hlle v/e nave ■Che- opportunity.it'' difX^'SS pn.e..^,„„.. 



We •Shou 
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other aspect of '. mdnorakalS. A monomial Is a prodk^t of \ a ■ rl 




i,;v4\ ^;§uppdse: now* that were ihterestatj In the poly- 



.;,.^We-have agreed^ to: 6all' expreepione Joined- by.-a "+"'Byinbol .terms , 



'I'^C^'Sp^^ you' e¥riJJacto^' t^e Bum Vf^ the""" first 'two' 't arms . 

o te^s, ax, "^ ab. 'dan» 



..^nip^^^'^'/. + b^jp and the\suin of the last two' 

ySu.-^ f-tfpVo^ all f our^tierms?'' Do you r^Selnber a -^theorem 

In^Chap^ter _8_ about factors o^^^^m? ■ What ti. a factbr of botft.^ 
\ \- x"v+ bK :,and .a=i?c^ + ab? What is sum pf + b'x^^hd a^. ^ 




X t b^ 'S^d + ab? What 



Thus (■^.+ b) must be*.a Sactor- of ■ ^^^^-^ 
^-^^ r X ^^bx + ax 4-^ abV ^^^^ #' 

y -a^pd^"^^--the- dis tri^^ 

jcl^t^ bx:.+jrfx +'^a'b, 4 ^^^^ py^s^i^ + b)' 



1^" 



A(x +U(x + b). : 



) 



"7 
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U^inis thC'Prp^ertj;6s .of 'the real nufn'Bejps,' ^E^Lte the, fdljlpwing* ' , / 
-i*:' :ridlynomlals in .faQ'tcJ^*ed 'f om.^' (We iw.il-r.,fre^uently 3ti\Bt,:say ■ . 

. " ■ -4""6xy -.\'3sx-''- 4yt. '^TLi 'we begin i as beforeii we „tfan wriite:.' 



1/ ■Est '^fi 



the, sum* of tKe\-fiirs,tXtiMo. tem^ .as ?(s.t +; 33?y)V'. toVmonjA 
* . oap'gb ■riiO\fui*iiet» .teiafiCuse tl^q. sum, of\\the' lasts', two' \ttermS| . 

A' i^n*t f aetprab'f e ./ , ,CVhat cab?%e 'mean, precisely, vl3,y^a polyJ - 
■'""ribmlal'no^ beii^g fap!tiorable?y""=:''*lii'-r5aion we h^yeh 'f giM'""'/ ~'" 
"-very far Is that thi ^fct ^two terms, t^ken tj^geth^er^ db 
'^'/V, not hasre vary much in oonmionj such a sAuatlon does not ^J.end . * 
'^ff^^^': . Itself well to'bonmiDn monomial faotoflrig, TOie commutative^ 



property of addition^ however^ permite ue to, reordef^^the 



:H'^tetfmS df we so Ghoose. We can^ for exampie'^ wri^e' ^ '- v- 
ivi'^j* •.;l*^v^-;^ 4 3ax .- ^4yt =^ ■ Sat >. Ssx + oxy - ^l-yt. - v ; ; 



Can you>^nGw |inlBh t 'fry it again, - bwt noy? ' ' 

Interchange '^he second ajid fourth terms flT'ore you To^gHi .. 
j^pp|,ylng the distributl^^ 1 Are the tw^^^ 





the. s 


ajne? / . . ' ^ - . ^ 








M 3- 




^ax 4 2ab 4- Sac - 1 2cx - 










■ 3x 




' , 6., 




,2ab \/3",- 3ab4 - 3b^ \/3" 






,+ Ifibx:- 9cx'+ '6dx ^ 1 


^: 


3d .+ . 


15b - ,3a - 15b . 


9. 




atf 4 ac. + ^ ' 
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f,., ' ..... 
• .;. 4^ ^ ;;^B f ' _ -Its;, + '38 - 1 2- 



/•" 



; ' ' ^ J . ' ' ' ^ ' ; , . ^^^^ ^ ^ ^.y 

r"?\'' s/'^' \ 9 ^PQlynomlai f aatbrs ,^ ^NtftfTcfe, that *he terms-a^e" : 



■^'\'i^a]^'''CjOllepted In'the 'pplynbmlai of problem^ 1'^ In the previous set'-r 



: „ o4ie^5^3?clB^sl' -riBfcause. bfs th# .Kay.'lt^ iB ivrftten^ v/e have no 



- .-.if - 



^ /t^rouble fac^o^ring -"4s 3a 12| but 'auppoee that- we had 
■ . ■ ■ c bmblned. ther mMMl e 



Vrltten.;a'^.„-^ s/., .12? ■ :Can wp .naw, "f aitob, 
' ■ X ' . I - a - 12? 



terms (by. wF^at ^property of real numbers) knd 



- rof. bouk'Be vje know^ tha t s ^/s ^12 can be fjttoredJ We can write '^i 

and ithis can be^ factored ai before , - But^ If we had^ not come-'^ 
tJij^f rdm.. this". s^eoDnd . form to beglh - with.v^ow wouM^i^i^^ that the ■ 



( 



-s^. In t^eV middle ' ought to .split into 



After all^ -^3s 2s ,or ^s% + ^s would not havl^ worked! 



/ ' - It /will take somf time to learn fcb ahsw^r^hls kind 

pf question^ Xet us begln^^y getting acquainted vflth ionie; .^^^r 

- *^ J. r ill 

^^!ii?irmrto J^o^ w© shalt^Sea ; ^We^^cah "th iri^^ ^'th e" pblynteCalf 



S - - B -J. 12 



also in thS; C'^m 



.4 



l^_,^e .i^at 'it, cons|sts of three terms t "s ''' la ca^ed the 
^t|^atlc^'term, *."(-X)s" the llnearCter'm, a 



'i yi:...:, 




A' 



334 



^1 



'■;b"Brm'of th4 polynomial .> 'Such a polynpmia^ .Is"- called .qu^raMc, •/ _ 
.',C- - . ;I • - - ' ' \^'' . • ■ '> \ ^ 

.•■because It Involves a quadratic term.,.", Similarly, £f we, consider" ■• 



' th^*j polynomial 



^'thd^^"2k^" 1-3 the^ 



-1 



quadra 

the l^onStant taMi J In t 



tic term, '"llx" the"^ y.near tdrm, arid'^'l^" 
,he linear te'rm, :il' Is the coeftfleient 'of 



X, .while in 'the .quadratic term,- a, is the ^cosff Iclent'-of 'X \/ ; ,'\ 
■ 0 What' are the coefficients of the ll'nea':p apd -quadratic terms ""of * 



" s i^s - 12? 



>By using thf dlsti-lbutlve la^ severai tlj^es, /we -can 



take -^he fagtored f 



)mn (s - 4)(s + and write 



(s'--,li)(s + 3) -i, s- - 4s +.3a-- 12^ 



ii„ 2 ii< 



. 'Hbw* Sid- the :qu&«^^c'termV"s^''' arise? -. As tHCprodudf of s and 
' s. Hdw'dld th# eofistant term^ "-12" arlsef ; As the pr^duc^t of. 



-ili^L 3. How did the 'llrieart ^term "-a'" ar ise? As the sum of 




Can you predict th.e .distributed form'bf; . 

. ' (y + 6Uy;=^ 8)? , ^ \ • 
Can Mi say-whee^ the product (x +,:aj(x + hj vMll 'yield? ^ 

' Our real interest now is-t^" prpceed in the other 
"ai^^tlq^"tfi|fe^ 'ti7~roT^ 



-Eelr 



°us use "what wfe have learned 'about the foi?mation of coefficients. 



Aid factor 
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+ St + 6 



1 



\ 



Y 



1 



J- 



si . 9 - ■'? ' 



We.. Wnt." to. write* this .Iri *the form (-t + .a)(\ +'t))',. wl?ere a' and b • 10 

I •' . c . • ^ , - I' , . V, - *, ' . ^ ' •■ '. 

• are ./lumbers . , What properties', will a and b have to have? Their ' 

. . ^ ^ 1 \ r • . .... ^ " . , - ^ ■= 

^produfftff^ ab^-,muat equal 6^ wnil'e th«ir sum'-;a + b', mUst eqUal 5/ 

• ' ,1 ■ - ' 'i ' . ^ * - . T 

""TtJair'i/ua^M-Tna two- humbs^H-whoae pKban^r-lTf^Wd^^ha^e suhi'ls .iV 

' ■ • ' ■ *"■ . ^ . '■ ■ \- , • : 

. ^7. \ This. 13 e&By: iyE'can be'factoced Into 6 and 1, 3 .and, ; - • 

' ' • * K' ' ' '* y ' ■ ' ' ■ " ' 

2j.but-^6 + 1 5, whlle.aV.S-^ b'.,* 5o v/e know that ' ' . ' ^ 



t" +.-5t\+ b (t + 3)(t''+ 2) 



Ex^rblses . Q '-Sa ; 



^Pactbr; 



1'. .,4 2Q^r^'f2, This met ns ^ve v^jant two ^ f ac^^a__of -^th^ 

2 whose sum is 22; ^ Y2 has,*manV^^Gtors^^ 
-^'f prefer! to solve our pr^^^^p^lthbui having to try them^all, 
CSLn you .think of any properties of f actors to^rfelp y^u out? 



#^DoesnJt ,^thls .^sp;etflfic problem sound vaguely .fainillar?^ We.. 

ansv/ered this pr^oise^ question In C^ptfi^ 8 * Ih the course - 

- of our st^y « of prime— factprizatlQ 

look at ,ttie discussion again. ^ Wi found l^at. 72 == 2^*3^y'"and 

^ ..... . '\ ' ^ \^ . : ; ^ . \ ^ .. . -.^ .d^, .. ■ 

that 4n the ^ two factors, of T2 which we /Were seeking^ the \ ^ 
2's had to be splits two in one. factor an^ one..ln the other. 



while the 3*s 'had to be, together. The factors we fdund 
' this arpument''.wertf iS^and 4, vlf we apply this in our 
present situation^ this tells us Immediately, that. 



X t sac + 7i m 4^18) (x + 4) 




i^hose pr©duct^s k^,^ and v/hos^sum is ^likw Can two poBltlv^e^ 

. 1 : J" : , :■ ' ^V .- 



. .'■ numl3ers'-have_.the sun): -l^?-" .C?in .one positive aftd one- negative. ' _ 

. rjjumlDer have ' the posltiv.e 'product if5?^ However, - two -negative . 
■ • numbers have\'k"^i)6siti-ve Tprdduct, and 'so' we shall be' able to. t 
TV- -.writs ■-ir^ -"aiFy--P^45 in the form (y + p).(y + . If find 
■ two negative numbprd p' mh q whose product Is l|-5, ■ and^ 

S., ■ - - ■. , . . - , ■ ■ / ■ ■ 

v"'''. •■ ' whos'e sum Is This means that the opposltes .of p and • 

V'.rq 1^^^'^ t'lie'-s^^ and have a 'product- equal -to- its (why?) "'f 
'. • Can we now find these oppoBltes of p 'and q as before? 
T^p ptlme factorization of 45 is 3-- 5- 1^ is pot dlvisi- 

•Wife f^ 9. and. 5,' ^'45 and 1- eiear- - 

' 'l yj 9 .and. 5 are the required . Q umb e ra. Thus -p ind , 

_q afe 5 and g ■ respectlveiy. Then 

„„._:^i:_„,_._,..^_,.;...yf.^.^ + ..if5., = ^ iy-^^^.3)U.,^..^9^^^^ 

■ -3.- X 12, V/e 'need two faotars whose .product Is 12 

•'•;^;:i';T:;:^-^:•and^■ w Is 10 The\prlme f actorl#ation of ^ -12 co'n.-' . - 

- . tains 'two 2«s 'and one'" 3;.- " the two' 2»s ^ ^ave to be .split . / 
4 "■". (Why?) '' Thus only possibilities are 6; ,af}d 2, ■.whose ' , .(f 
' . sum'' is - 8, not 10.. Hense x-'+ lOx +' 12 /"iV a polynomial 

ov.er the ^Integers whlot; canhot be factored. Into two polyno- 
rtilals over the integers. , , * ^ » . 



If. a 9a - 36, ""Once agaln^ we wish to write this in the 
* form (a + m)(a n). What do we know about ^ and . n? 
— ^V/het""Wl-M~be— the-^ 

' n-?-— Bo— you— see -that pne. will - be ..posit lve=^nd^on.e-_Iw^ 
■ negatived Which these will have the larger absolute 
, value? . , ' . ^ ^ ' • ^ ^ ^ ' 



33T 



Now' how do we state the relevant problem about factors 
of 36? Let US consider |m| and \n\* TOieir product .must 
be '36j what does "m + n'^ ^^^g" say about- |m| and '\n\l . 

riegatlve number. In termg of^ jml and |n|y our pifo^blem now 
Is: Find two numbers whose product Is 36 artd wHosfe 
_dlf£erence is, 9; . ythkt Is the^ prime factorization ,of 36,?- 



/ Are the two 2*b going to be together^ or will they.be 
^^^V split ?^ What about the two 3*s? 'Jherel^ore^ what are |mj 
Ijs f Ina Is ^ the f a^:fcorlMtlon 





... 


-9a, ^ 36?:, . 








m 




^IS" ■ - ■ ; 

3w- +.11W 












" 2 
X + 














-50 s 


+ 48st + 2st^ - . 










' '8 


+ i9y^ + 48 












2 • 


;12(r ^...5) + r ' /' 










10. 


lOu . - 


. - 24. 








*■ - • - 




(a + 


»^(3 - x) - 










12. 


a2 + 


2a - 15. . 










: 13. 




- I6aby, '• * 










^ . 14. 


-'96n 


+ 4an^ 3m 








1' 


- ■ 15. 


12 - 




- - - - — 








■ 16. 
17. 


2 

X - 
36 + 


10(x + 3) - 9 

X® - 13x 










18. 


2 


- lOy + 6xy 










■/IS. 




2b2 +' 3 ■ 




* 






20. 


2a %x^ - IJa^y® + 2a%xy 


• 


\ 


\ 
i 
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. . /-^ff^i-/J' ^1- -Vk'.^,- ,.v.-. ■ ' ' ■ . ; - "v.-w^ -.1^4^'- 



■■:.9 - 3 "v-'- • ■;. . vV -'-33a";::' .-- ■ \ 

. -■ ■*2lli ■■ For vfHich positive. Irttegers', Jc ca^ you factor the ; • ■ ■.>,--.:. .;;■ ; 
V polynomial. " 'o-L^ 



/"^fii^k'(t5|),ti'onai^|? FSigtor'ic^' .+' 95% . 5^00 ' If ' you really underl' .; - 
. ■ '■ stand"' fagtors , of- numbers,' you- should ^ able to do this oxie ; 

_^.vjithout. .-too- much labor. - ' - ^ - - - 

. r^' - ■ - ' ■ ■ - ■ • ■.' . : 

r/J ^ * ■ J ■■. \ . _ " . .... ...... /\ 

" • . * '-9,.^ 3^* Trxxth sets of " pQlynomlai v equations . .Wh'en an 

:._L.efluatlQn pan^^l^a^ pu^; ^in..,^ form In which^ ItS; If^t^ s^dS. 1^ .si poly;^^^ -.^ 

< ^ - nomlal and- the rl •sl4e is .0^ we call It a pQlynomlal , . . • 

; iquat jLoi^ , The^^^rutH s of a polynorfilal'' e^atlon^' In Sne V ; " "^ ^"J 

variable can sometimes; Tae f oun^^f we can factor the. pol^amlal^^ 

r Example 1. Find the truth set ;of x^^'- x ^ 6 ^ 0^ Our .f IrBt^ 

job. la to ::factor . the: pol^nomla3^^ ^^f ^pospible^ Wien we; geit 'the 
^ new form, of the equa^lgn:^ ^ i . . . 

^^^^^ Cx w^ £)(x;. 3) ^ p, , ■ : ; . 

' ' Thm left' side 'of the equation le^now the product of two numTSerB, 
What ©an v/e say In; general- 'about two numbers a and • b If 
ati 0? (Go back to Theorem 7-6 for the ansv/er . If you have 



forgotten.) Thus^ .the^^trutK set of the sentence -^^{x + 2)(x 3) = 
q" Is the sMie as the/truth set= of the compound sentenee 

X + 2 0^^ or X - 3 « 0 ^ 



(Wiy v;as it so dTOOf tarit to write the^ original equation with 0 
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on the right-side? jCould we apply Theorem 7-6 ^If the /equation 
had 1 'on the right side?) Novy v/e' can rea;|^*-dlr^ctly the truth 



.set of 'tKlB ^mpoUnd: sentence asi: ' [-.2^ 3' 
■ that 'the numbers -2, 3 each must malte^ 
' true'tfecwise they make the compound sentc 
of i^'hese numbers In the original e^ftatloj 
' diction 1' It is ,eu3 ternary to say the '^a^Uc 
^ Bolutlorls ^-2 and 3. - . ^ ■ 



-Sample 2.., . .Find tha^ truth -set 'of ac ^ 
This Is .also- a polynom^^l' ffli^tlpn hecauj 



J, 



s 



\2x^ ^ 36x p ;o,- 



i.in_whlch„th.©_i.©fi^idS_.^^ 
How did -w^ obtain' this form? Again, fad 

. ac(x, - 18) ^= D.^ i 

This ' e.quatlon has the same truth set as 1 
■; " y ; - : ' ; . ^ o k - 18 

And t^ils sexttence has the truth set (Q^ 
and ^8 are solutions of the orlginal^'ec 
■' Pause td reflect: Were you tempted 
Of. Sx^ = 36x Ijy ac to obtain x ^18? 
TOund the solu tion 1 8^ ^t what happened 
Be '^ cageful i ^ Until we .study this more ca] 
dp not multiply or divide the sldes-^df m 
^expresslroh-^lnvoiving-the^variabieT' 



4 



9-3 



J4u 



It Is easy to see- that .Lhai'd ai-c. uv. pm^t^^. ) y 



1 , Pjllld Li Ci 

- (a) i^.. 

(g) JX'" 1 , 

.... " 

(J) 

1 i ^ i u 



i 



i 1 . > 



EKLC 



9 - ^ 
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The length of a rectangle is ^ inuhcb m^vm Liirin lii 
width. Its area id tik aquaru ]tiwii%u. Flna it^ wld^h, 

(d) The squard wf u iiuaibt^i j i..^^ u.^^i. ikj ii^^^^iii^ 
number, WIiqL u^^ l.^^ha.... , 

(e) The len^Lii .^i u , L-.i.^i^. i , ii., 



1 



^ 



J 1 .1 



1 (i 



4'' 



th li 1 
the 



L i 



i 1 



u w i I 1 ^4 L w i . . r 
of' i i i *j L . , w I ^ I ^ 



. 1 I. 



1 \ 1 



9-4 , 342 - " X 

- . Now try the same tMng with a t . iv/i f jt^v iiwv^ ^laaii 

positive number do you thlrik k uau . Uh..ii .u.^.^i 

p o 



I , i ..... i i , I 



such 'that , 



) 



that . k =^ £n Ai.utii^.r i . ^ ■ • ' ^ 

/ 



i 



I WhaL IS Ui 



n 

1 V 



EKLC 



1 i t . 

(a 1 



343 



9 - 



3, 



(c) l^x i k 

f r • 

(C) a 2ab , L 
The pulyiiuinl a 1 



pi 1 lig ^ , 

1 r 



Kf H I i s A L 1 

11 ll 1 

I** 1 J Li... ^ i 



i 1 



1 1. 



34> 



8. 



(aiaiik ^.X thls""as .a polyno- 
lulai in (x ■ i) .). 1,,. 



n ■ 


2- 

X 




i i 

U j 






1) t a3 




If pu 


1 




way . 


)'■ 


(a) 


A 
t 














t 




A 1 1 . 

i 

if.,. , 


til iiiiii. 


■ 










f 






, IS 
• 




1 


i 








a 




's ' 






i 1 . . ...n I of ; ) 






(f ) 


X 




* 


■ / 




• 




\^ 












1 . it 

ml I 


L. I. i i 












(a J 












\ ^- 1 


\ 












K ) 


u 












^■^ I 














; 




/ 
























(s) 




i / 










Mi ■ 
























J 






1 












) 
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9 - 5, difference of \ ^qua.res J. Can you fagtor ^ 4- 9? 
What^^iW the coefficient of the^llneai^ tai-m here? = Ib It large 

eno4g)^ Iso the polynomial Is TactwraulWt 

' V / ' ^ 

^ let us try X" g. If we wiah t9 wri.'Ue \ thl^' poly- 

(x + p)(x -H- v^hat the cpnditlQn& wH. p and q? 

0an ^ou find tv/o numbfei-ti ^a^u^c. ^j^^^iu^.i 9 uiia aiiin i^^ 

0?"" VJhatf *does It inean t-.j^ i , iiUiiitK. ^/J^^ v^o ho-Va .m*iu 0/ Uiifcuk 

the f actorlz'atlon ^qu hav. wuftaiiji^a l,^ luultipiyln^ tht fautora, 

What happened to trie iiiiea, lh^iu. 



Ebce]^clses 9 - b^, 
1. Factor y^ ^ 



,4 • tor 

5. , Fau tor ^ : 

pai-LiCuiaiM ,j 

fa^^tui. ^ , 



\i. th.. ...... 

thin^ ab.M^t ti.i^ / , 

Certialniy y^u kii> ./ u ^ .., 

hence. It 1b withuut ajui 
i ' 2 



I. 

n 



.9-5 



346 



Bu|;' now ^6u are -unhappy bfecaua'e Ct^^A o la'sA pwiyi.oiuiaJ.yoiver the- 

.mlals oviv Integer's. (W^^y i^^^ O ha.\e Advia^a 

■j.nslsted that v/e wante(| tu, raiu tul . i...ayriwmlala uvtr/Tfiic luUe^ei-o 
^ Into factors " v/hlch wex-e LUfc udLiuK! kiild wi pgiyirfwiiii&l^ . Ai-fe wc 

, , ^^^^^ lii-it 



lat set wl pui^i'i iiii ■ i ..J^ to 



6 



It vilt% turn out laL^r iii un\L' ^u"i%-^^ _^iiaL L^i..^ ^, vai^ii 
integer^ uaii^ lii r^. < - i^^^^ ^-^-'-^ i ^ .,^h a i 3 ^cr u,^^ i^^i 

i 



4^ ' 



6.. 



.1 * i. 



. ) 



. t 



r 




,(nO ■ 


2 k- 


- 9a^I 






a b t 






(^) 


u <^ 




i 


it.) 






(^) 






1 



V 



4)f 

I" / 



1 / 



( Whi- ? ) 



4. 
5'. 

* 



(6) i^j., )( 1 ^ 

/ * 

(a) 

(u) (X . a)' J 



.Si i 



(l ) 



1 ?3 



\ 
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8.\ (Optional) Wha,t Is (2 ^ n/3)(^ f V^)^ ^^^^^ fc^^^ln, ainue • 
v^e have 'the sum and dirrei'dncti th^^- ^mma Lvy^ riuiuUtira^ this 




ra^b^nallze tne denomlnaLor Ui 



ha tlutiu 1 1 i 1 I 

A Ci i . i . . M ^ 
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(c) « Ux'-h-b)(cx + d) . . ' ^ 

How did the quadratic term In the dlstribuL^d for each ^of 

these products arise? 4iow did the coii^tant tem tfrlse? What 
jfdld you do to get the coefficient uf x in the iine^i' term la 
.E^mplp/- (a)? . Or of y in Bcamplfc (b)^ D..-^ the. ruiiuwiu^ 



1 ^ i ) 



The ooerrioiGiiU i i 



I 1 



I ad 



1 1 14 f.J 



ad.i lit . . * . i . 

U w g ^ M 1 L 1 1 la i 



ChapUer d v^tJi-e nyt 



9 - -6 ■ ' 350 

proper fac^tora; 

2 

e Factor 6x + 7a 



There are a nuinUfei- p,,.. ..iLiu -a^o k,l luciui-lng 6n 
and 24, Simply trying ai i ^.w^oibi^ r^oi wrl^cat i ...n^ as vje did iii 
Example 1 could time ^ou^Miiii l^^* i pi'liii^ f aa*tOT*.l^Hti wu 

and theuiT^iaa b ^ u ^ ii^. in , ^ , .... .. .x^ 



'that 

Recall the V<jl 



ill 



.We* want ruL'iu uvj ..i ^ ' / 

^roductd ad ^.. i i i i^.-^i i4 - T t^.t. fuu. k ^..**d two 

ali th^ fii ..I ■ -^-^ '-'^ 

. ■ ■ 

the Guii^tant I . » .* ■ ^ . ' 

aji i i a*. 1 i I. . ' ■ ' 

pw^DlLlilt^.^w .L ^ ' 

r^utwrei^Llc. ^ 1 I ii.L .[ \ . [ . , ! i I ' I i 

Is t . ^ ^ ^ ^^i'^ * .1 . I 1 > ! . Cm 

Q rroin bu that c : ^^i*^ ^ ^ 
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* . . 

then we havei ' 

* 

•The larger- "of ad ana ia y.i&ixi^^, 

% . ' '\ * , _ 2 -. . 

^'2p =^ , 36 ^ 

Slnu^ 3 la a faulwi' wf ^ li, . ; , . ^3^,1 11 ( i'h^Oi-eiri 5 j) 

. i . 



Sine i 4 ^ 1 v.. . ^. i 
^pruducts Sl. ^ 



. (2.3x 



36^ 



T 



ffiheref ore, % 

The fact that 143 Is lai 
Buggast trying the abw^^ lu^.a 
done. 

If tihe ^iuu i a i 

would the argument tiavs Lscl^a 



4 4A4i u i 1 i ^i'v. a i L,ou ywu ^factor 



<S 1 



i 



-Ss^^xi*^ ii ^ ^ «^ ^ 

1 - J'gCy L .^J.-^ J I 

(.1) u.'- , 

(1) 

( J ; ' ■ 



\ 1 

\ I 

(. 



(1) 
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2.' '"Pac^or: 



,2 
2 



(a) 6x - J/44.X .- i:Ai 




(b-) 6x^ _ llx ^',0 

(c) - 6x^ + 60X f 150 

2 



(d) 6x' 
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i £S ^ , t . ^ 1^ vJ 



(a) 



1 -»C I 



1 LiL I 



PautUJ,-; 

i. ( V f i ; ^ . i 



( 
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5^-.2..Vlv(''|l:X.^- _ (DO' you recognize, ^jc -. 4x/+ .l . as" a^. 

■^■'H ■ X ^ ■ ■ ■ perfect square?), ' : ■. . ; • 

L-:„4.-.i.-;/gu'.i.a)^^+- 5(gu' ^. 1) + ^ • - . _ _ " 

p.'S. (a + b + c)^--4 . :, ■ ' ■ ' ■ ■ 



"8.; ■ '■6(3er+ 1)2 _■ i7("3c + 1) - 3 - " ' ■ : " ' . . ■ ; Z 
9--': -(9d":;^-' 6^^^^ ^ 4(3^ '+ 8d + l6) ' - ■ . . 
lO..'. +■ k ' (Hint: + 4' . = ' (x^ + ^x^ 4) - 4x.2 . Why?) 



- 9 T;. ; Ratlonay^xpresslonB . Let us^reoall- some 

^ • counting number of arlpmetle, 0, or the' ppposlte qf a count- 

;° 'tr&Qtlon and multiplication, but not ^ under divans ion. What is 

■ S^^^^^P ■ (Sometimes It la called an Ihtegral ' expression . - ' 

■ can* you guesp 'Vfhy?) • * - ' .. ;, ■ 

, . A rational number is the quotient of two integers ^ , * 

with b ^ 0. We,learnsd that the set of rational .numbers, is, 
closed under addition, subtraction, multiplication, and division, 

---^6360 ept-by-^0>=~=Doe s-this-su gge st.^what.,,vre.-Bhall-,mean„by _a„_ 
rafelorial expression ? • ' " . 

' Thus J b y a' rational expreaalon In one - 



variable we mean an expre'asion obtained 
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, , by performing only the four operatldns 

on real numbers^ some* of Jlr/hlch may be 
'''•",# 



:355 • . ■ . 9 - 7 



..-^S: ^ . . represented .by -the variable , 



For example. 



+ 1, -T-5 f r^-* " + ~ * ~ 'i. • . 

■ 4x - 9 3x ac- ' X - 1 . - ^ - - ■ 

■* . . ■= ' ■ ^ ■ -..■:= V • r . t . .■ * . • ■ ■ ■ ■ > • = ^ , 

■ • .. i - ■ . ! . ^ . . ■ " ' - ^ . ' " ^ ^ ■ R , = ' ■ _ . . = i> ^ . : - - ' / 1 . ' > . ■ ■ . . . . ^ ' * ' i ' ' , ^v! 

aipa rational expres^Blons In one variable x. Some of these 
..(.which^ ones? ) are.,AUQtlent'B„ot. polynomii^ls^X lntegral , expressions 
Just as ratlGnai numbers are qfiot integer's. ■ Sorpe of ^ 

thBse (wl^lch ones?) are polynomials (integral expreeslons)^ . ^ 
Just as^Bom^ rational numbers are Integers. Why is _ * 

not a rational axpreBsldn? 

^ ' "~ Ndv/>/e are rea~dy to perform "opei^tl^ohs" on" ratignar " ~" T ' 
expressions. Remember that fjr each value of the variable^ ^a 
rational expression is a real^ number ,(lf i'b Is. defined). This ; 



; mearis^i^fet the siime prope^lea hold tor rational expressions 

!,;.:L„,.:as..,ffor.-. real "numbers . , , , . . ...... ... : .. ... . .. ... (...,....,, 

" ' It has already been shown that for real numbera , , . 

;„..-wg^.^. .........-^i...... .:.Q.-^.-,.and-d-> --- ' ^ ' - ■- ■;■ ■ ■• ' • - - - - - - 

a £ _ 
b • d W 



(I) i . # T 11 , (Is this true for b a " 0 or d ^ -0? ) 



(2)^ =/|- , . (Is this true for c «* . 0?) 



i(3)f + f = . ^ I ^ . ^ Is this true frfr b = 0 7 ) 



..State each . of these pr ope i* 1 1 e s In y ©u r own wo rds" Why . can tKeH" 

— be applied ta rational exprea¥ipns?~^TOFt reattrlcflonB must"be 

.... . _ ... .... .% 

.■ . place^ on th,e rational expressions? (What can b.e ^aid .of 



>Jn,. 



Z' -' "^'f i^ ' if X ' 2?) Again tHeire ls the question of - what shall 
•^.■be.the simplest" form of the result v;heii we operate o.n rational 
■'■^•-.W xpT''essio nB ■ —As -In- the case of- -ratlonsl -numbers „we' vjant- a. form .^X 
, ■ in'.'whj-ch there are no polynomial "(irttegral) factors the same In • ' 
numerator and denominator. ' ' ' , ^ - ^ , 

^ ^- i -ax ^ bx ^ gab + 

'■'"'^ ^To^^ii^ltlply these rational expressions we fiactor every polynomial — 
and apply the property (l) of multlpllqatlon- of fractions: 



(a - ^)(x)(a + b)^ - ^ 

x^(.a^b_)_{.a^+_b^l ' 




^ fa ^ b)^c(a ;^ b)(a + b)) / 

by associative and 
commutative properties / 



. ^ ^. ^ .. j . ..... by the .rnyl^lpllcatlon^..^ 

. . - ^ ' property of 1, 

This simplification of the product of twa rational expresslqns 
was done In a very formal inanner* We must rememberi that the 
last st^M^ld" he meanijig^ 



(Why?j Hence^ If a ^ b, a ^b/ x ^ 0, then 



,/ - . - - - " 357 • ■ ' ; ■ . 9 - 7 

Example 2, 'V .l - x ' g x " " . j } . 

- ■ -x + l 3x + 2' - ■ ■' ■ r ' 

- - ^ ' - -w - - - ^'^ 

^ ^ Factoring and applying^ the property of multlpllcatiori 



of fraetions^ we have 



' ^' 1 - x^. X a'' V ii-'x)(i + x){x - S) . ' ^ ^ '\ 

±^yi^.^-ft;---rr^-^f^:-.--- - -( 1 - X ) ( 1 +^ x) (xT-^^^ 2)'~ -'Z - 7'/.?-'^ 

' ' (x, l).((lVxX(x.^ 2)) ' (Why?) 

. ' '■' ' ' ' _. 1 - X • 

■' \ ■ ■ ~ X - 1 

(But v/e need not stop here. We should Fecofinlze that 1 - x 

and". X 1 are opposites.) ^ 



(Why?) 



Thus v/e have shovm that If x*^. -1, x fi 1, x ]£ 2, then 



1 - x^. ^x- -' 2 ' _ ' ; ^ 



Example .. 3.' ' .... x^ + x :- 2^ 

' , ... X -, 4x- + 4 . 



X"H- 2 



Aft^r we factor each polynomial in this quotient of twd^^tlonal 
expressloris^ notioe that the multiplication property o^ft v;lll 
el|mlriat^ denomi^ Immedi&tely^ just as for quotlef^^ of / 



rational numbers 
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X + 2 



X - a U - TlT (^-- S (x - 2) , 



(Wny did we .vffite ' as '.^ l ~ ||[^ I \) 



: X. - 1 




- .(Why?).. 

^ - ' .(Wiy? ) ' ' 
(Why?) -K,^ . 



Hence, if x / 2, x ^ ^2, then 



■ X ■ '+ X 2' 
■7 



X- 



- '^x + 4 



X + g 
X - S 



, X - 1 ' 



5at Exerc:laea :- 9':- rr - : ; ' ^ - ■ ; ■ ; . ' - 

:::'B&^6Tm '^e indicated operatldhs and simplify, noting 

yr^^'^' restrictlohB' oh^^^ yaluei ■ of -the 'TOTlahl^s - -r ; 

' ;.3x .- , 3' ' ' 

'" ■ ' . . 5.. . 



1. 



^5 . 
X 1 



, - 9 
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G 



8, 



— 



2 



9. . ^ ,\ • 5 

x %r>„ 4x + 3 X - ' - 1 



1 -.X 



•1 IQ. 



^ i^'. ^'6i „- gab 



"6a"b' 
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13. 




9 7 



ISx*^ - 26x 4' SI 
Sx^-ljx + 7. 



14. 



-15.- 




43^-- 16 



12. 



X + y 



l6. fi 



17 



1 - X 
X - 2 



-^x2 . '4 



lac + 33X-+ 18 - 3x ac 

- 



2 ■ 2 

,..x;S^- ...X-- - - 2^ ^ X S..,.<,.,x - 2- ■ V 



.9* 



20. 



at. 



loic^ - - 45 ac^ . 9x + 9 

• - • r — — — 

lOx* + 3x - 27. 



' ..SxB' - llX + 15 

i; 5x. . - 3 ' ■ 



■^' ^X : 3X 

B .- fee; 



22. 



2 , 

X? + 1 



"JfT^l 



23, 



^2 - Sy 



■- A l£x + 9 - . -h xy^ 

■ : ' 'M + y 3 



"—24- — -e:oTi-rttter~tfre~Bet=*of^l-^^ 

real values of , the variables . Do you think this, set is • 
closed under each of the four ofperatlons of arAthmetlc? 
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I 1'' 



\ ^9 - 8, ^ Addition of rational expressions . The " ■ . . 
problem cxf finding the aeast common denbmlnatbr of two rational , 
' .num€ers;,v/a^"solved in Chapter 8.- We found the primfe factor 
"""'repres ent^^ oi'^ efteh" Uen"'^^^mt ' kj^^kerw^bimmA-^)^^ j 
" eoimnon denominator, (l. CD. )" by collecting the smallest set of . 
'factors from the "denominators in such a way that^ each 
^-.denominai^or, vjas .a_factoE''-.of.;,the L.C_.D. _^In .piiecJLsply, th_e„ ^aine^^. 
y/ay we form the L.C.D. of rational expressionB a set of- polyno-^ 
mlal factors of the denominators i. Then p is ah easy step to* 
^addition ^of , thei rational expressione . ^ VJhen in doubt ^ ask your-_ 

-self ^ ^ "How di'd 1 do it vflth rational numbers? ^ . 

_ „ . ^ ' : 

The fp^ctored forms of the denominators^ are ^ . v r 



Hp 



24a%5c^ L a^aa^bSo^ .. 



Choosing each', factor 4he 'grea'test h itC occurs 

; either- ^denominator, the l:C'.B. Is 1|3%%5c^, Then, /by the .\ 
: multiplication property of 1, we ma|;; supply .the mlssing .f actorS 
"by" writing: . ^ ' ..• ; if 



36a5b^c-^ '2i|a5?b5c" a^^^a^b^c^ . €b^e^:" ^iSsa^bSc. ■ ■ ■ 3a? 



"J^-^--^^^ ^ ^ ^,^.^..^..^..^^„^, the L.C.p. la --- --- 

:V v" (-i)(x - 3)(x + 4)(x 5). ' Now. . V/. /t ' : 

• ' ^ "S / 'VS .'• - ■ "• -3 " ^ ' x-5 ^ ' g^^' ■ (-lHx+4) . / 
■ ,(.-l.)(x-3)Cx+4*)(x-5) ^ ■(-l)(x-3)(x+4)'(x-5) . ^ 

. |. ■ ' ' : ■ " ■ " : ■ ' 



Example ,'3. 



(3 - x)(x + 4)(x - 5) . , 

1" * X 4-1 



.Since . 1 - X + 1 " • :^ + 1 ■ X + ■ 1 , ■. 

--■)■■ . - ■■ ■ . . i 

. ■ S 1 ■ n . X - 1 ■ -1 _ U - 1) + ! ■ - x ■ : / ■ . 

and . , . 1 + X - 1 " - ' X ^. 1 + x - 1 ^ x - 1 x - 1. ' 

a'... "-. 



Explain all the steps and the reatrictlons on the value of x. 



-Bse-re-l-ses— 9~»--S 



Perfttrm the following operationa, simplify, and keep a record of 



o ■■■■ ■■ ■ " : ^ 
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ht^thetf^estrictlons ( 



' 4 • . T 



.,.1 — 'i^.a ■ , ae - - 4(x - 6)' ■ 

.;:^^„..x„_... . ^„ - ,3. ^^^^ -s". 

r:' ' "^^^ ' ^ : x^ ■+ x, - 2 - kx- + ^3- 

■W ■ ^ .5 o?^ / o 3x-_3 N c^S^^Sx \ 



A 



A 3 ^ S g 0 



; y • • a - b + a - to 



. - 9 a^V- loa + 25 - b- a + o _ ^ 

^ , ' 24. Con^are th^ properties of rational 

U3. = — — ^ A + numbers and the properties' of 



(a ^ b) a - b 



^r atl onal^expr e s aions..^^C an^^ y^ou^ 
make any general comparison? 
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J: 



-\ ~ y'--- ' § "9;--; ^ ^Dlvlslon of polynomials , . Suppose ^ In thfe 
-course of slTHpllfyJ^ng rational \expres,sion« you come upon this' ' . . 

* ^ . ' ' • / / / + 3x^ « 38x - 10 ^ ' 



'You \TOuld probably try to fact9r 'the polynomial in the numerator^ ^ j [ 

'^''^hoplng" t o" make use- of -the multiplication property Qt ~~l^-^- to-~^^^zi^^^^^^ 
Bimpli'fy the expression. You v/ould very likely find this .polyno- 
mlal difficult tp factor^ hmrever^ and then you might vjonder:^ 

■^'^'^Caft'* thlB-^ expresBloT^-^-he^^Blmplified-at--ald^-''aM^-if-- BO,^^^ - -'--^--^ 

- ^ ■ -V ' Heading the expression Itself gives arcluer . ■ 

^ ^ ' . x^^+ 3x^ - 38x ^10 divided by x ^ 5. . / ; 



-This suggests that a proGesa of diviaion for polynomialB might be 

^helpfulJ.in /Blmpl if y ing...£he..~ J?^^m 

You may. be surprised to' find that our old friend> the; ■ 
■'distributive" propertyj ;wiil ^he the . tool: for tdividing^suah: :::^-^^^ 
eXpreBsiqns * \. ■ ^ ^ ' . ^ \ 

l^y pirs^' let -lis "r^calT some ^ideas 
-numbers. ¥e. defined ^ i~ tc? be JSSf i aria-'wi provid a . 
theorem, to; the ef fect , that is' that number* which mult'iplied^^^^^ 



■ , V/e also rtay,^wlte . - 






1 










beeauS|^ 3-4o + 3vS = 126. 









How can v/e apply these ideas to 



4."--.We -need ',to.'asK --for '4^1 expressidn- which, multiplied .by (x - 5),, 
S will '136' .contained , In x"^ - 3x - -10 , Just- as ^0 is a number ^ 

r . Which, ^-multiplied by 3, is , contained in _ 126. Clearly, to ' 
I^tain the 1? Which is contained in xf % 3x^ - 38x ^10 / 
must multiply *x - 5 by x . •Corresponding, then, to the^^ " 
equation - ' * 

-^(Nptlce^ that this is what ygu- are saying when you. take^ the first 
step in the "short division" example: _3/126. ) 

'j? - ^ ' ' ' ^ ' ^ 

i_ ' / ' * oc^ 3x- - 38k ^10 = (x ^ 5) + ? 

•i'^l^. ■ . ^ . ; . . ■ = _ ■■ = ^ ^ ■ ^ ,v ^ 

^.v^--.'-',.:: — ^ ^ ■ . ^ .... 

— VJhat^dD^g^tieed^to^do-to-cQmplete-thi-s-equa^t-ion?— VJhy- ? ^ 

■ r ^ Since ^ (x - 5) ^.^^ - 5x^ , the subtraction . 
"•'^^InilHlS'sa^y'Tfo '^ec^ 

} ".■ ^ ' ■ + 3x^ 38x 10 I • ' ■' 



r ' ; ^Sx^ ^ 38x - 10 



so we have 



(2) x^ , '3^2 - 38x: -v;10 , ■= (x - 5),>x^>':82t|/-.f 38x' ^ 



a might stop h&re, except that v/e sus^ec.t;>;that some 
— muitiple^of^^^^^x v§.^..4te^contalnedJ.n^8x„-.^.38^^^ 



to oiar arithmetic exan^l'e for a moment again, we see th^ 3 is^ 



Ml 



.also contained in the last digit of ;*he dividend, so tWai ;our 
^BhorF^diviBi^ 

multlpie of 3' in 'tHe last paf?*^ our arft'Rmetlc problem, so 
.we find a multiple .of x ^ 5 in, Qur polynoml|4^problem. _Now w6 
need an expression 'which, multtlpHed by x - 5.:; V/ill be 



^'contained in 8x - 3Sx - 10. V/e aeV that fco obtain 8x we^mubt' 



;mult^ly (x ^ 5) by 8x.« Now 



■ancf.vre, complete^ the equation tiy sutatraqtlng 8x - ^Ox from 

3^ - - .38x - 1"0: , - ■ 

(3) ■ ' " ' 8x^ - -aSx-- 10 "' ' ' . 

' ■ ' 8x 40x .- , ', ; . ''^ ' 



SO 



. (4)^ •' _^8x^ - 3Bx - 10 = (jT- 5) 8x + ^ - 10 „^ ■ 

t • . If iv'e su'bstltute . Into equation (2), vje obtain' 

. 1. ■ _ ■•.■^4?-'?'.- 

>-'(5 ) .x'^ V 3x^..- 9x + 2 = (x - 5)x - + (x - 5 )8x^ » ac t CT...''' - ". 



•■Oaa^A^fe still tlnd a multiple ,ef.;,(x - 5) jA?hlch' is' qontalned ,Xn 
^™^^yi,vj,.^^™;:.,y,jj^g-^„.g;^ out ^nitf It lply%g ' x- 5 ' 2 '"-and'^ COH tlnu ihg" as 

^ ■ \ . : ■ ■ • % . ■ ■ / ■ . 

b^pre? ExpJ.aln the following steps <• J.f \ , , ■ 

(6) " (x - 5)2 = ac _ lo' 



..... at 10 ■ 
. , ac -i-aQ . . 

'17) .v%V5^^^^^^ =: (x ^ 5^^2.|.fl^: ^ / ^ \ . > 

(gy : ri bc^'^v^^#^ 2 ^ (x ^ 5)x^ H^' - 5)8x (x ^ 3^2 



'-'X 



. ''J. ... If" you'/will now examine the right .side of aquation (8) -'''^"V" 
you v/lil see -that the expression can be sigt^llfled by the dlstrlb- " 
^^a%i¥^^pfapeipty-r*~™- — — — — : — ^■^^^ y.u^..^^....,^^ ;^ 

^' ' ■■ ^ ' . . - ^ V ^ 

-Comparl'^c^ with the equation 126^ m J^^^g leads us to conclude -M'f^ 
that jdiyldlng x 3x ^ 3bx - TO by x - 5 gives the quotient v / v 



2k 

.■3C..-. ,5.,,,, 



i^du- were taught to "'''check" ibiig'rd'J.Yi«''ian examples In arithmetic". • -V-" ' 
Hov; v/ould- you "check" this 'exampye?,.'''4ls x --.5 a factor , of . " ' , . 



^_3C^ + 3x^"-^38.x^- 10? }IJ3^'X^" '4:-.'Sy.;/+;.2'^'a'f.ftctor 



''*'7-'^'.r70?J;'TljeF ui' write^'fihs-'exam^^ ffqi^m" which \3hdws'''thi. ^ 



^'^+r-^- -ssx:'- ■10 • ■ (x? - 4n8x :'g ffi -.t 5 ) 



= v-"+'Bx"+;~ai: 



Thus yqu^^ can. see that ^Jqlynbrnlal division may' ■■■sometimes- 'he "an aid 



The example, df ^polynp; 



)mlal divialbn 



above* eame ou1 



/Just asi;dlva|sldn in aritoimetlo^ dp^ti^vnot "dOTie out even that 3^8^ 



^ as we came itto exiDeet a- ciu ent ahd^ri*emalnder in arithmetic^ we ^ 

thiWg with the division; of 'pjolyncS^^isv 



may expf^et" tii,e sSfne sof 



. . ■# f-N KV. . ... - ..... 

:In thBvimiupJie below yoq./^oald IO0 able to explain all a;bepB> ^o:- -A. 



extfept VMe ^ ImB^^ afBer ypv have gos^eVbver the example and are 
satlSj^e# pnat yota understand the,- steps ^ v/e will\explain . ^ 



^ th^ last^Tf 



-6x-^+-> ^53^—- gx—^i-g- 



3x + x^' ^ 2 




^each 'step in the .following; 



(3x^ +"x - 2) at, = 



o 
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4x' ■ 

■ ) 



^ i' '. . 



',, . . 21x2 + 1 



v".6x? + 233t%k '.9x -"'fig' = .(3x^ + x ".-. 2 

! ''7' ' ' ■ « , ' 

. --.j/ Caxf-^^-x,'- 2)'7' - i^i'^^ +•• 



•^>^>•■l■■...'. 



'A- 



21x^-+' 7x'-^ 1-4 
'6x'- 5 



^6x?^+"23x^; + ' J.9 ^' *= ■ " (3*:- 4 x' - ^ 2 

'6x^ +'„23x^-.+_ -gk - 19 = (S»^ +.-X - 2 

' ^ .6x3 +^g3x^ + ?x' ^ 2^ ^ 

^.._3x-y-^'-K-— - 2 , 

Tp%%nderBtand the J#st step 
:UB returnv^fe^^Brithi^tlG for a moment, 
vdl'vlsloijt/^ v;e 'find by ^the .long^ dlv 



/• -that ||» ^= 3; +■ ■ . - ■,- WQ',.'|ay ' that : 
rfimalnder of 17- • ..Tftlsj'estample^ in t 

— — d Is e u 3 ad on y-^v/oul d-appear,'^ »aa-- — - 

. ■ ' - . , . 98^ = 27-3 + 17^ 

M^..-' . .27-3 + 27.^ 

'in our pol^nomial^ exaTmple^ novj^ we ma 
^7^ 'lo^T s^arfi^Crig'^r to . the 



? / 



m (3x^ X - 2)(2x + 7) + 6x - l3 



= (3x '+ X - k)i2K ( /• ) 



+ (3x + A - d){ ^ — 



3x" + X - 2 



)l 



1 i 1 r5" ^ ' * 

JX^ t X 



Just, as -In arithmetic, w,,. , . 1., the 

-fractlpn whose deiAwmlnM l^.j, 1,11^ ui 1^ 

One furthei- puiiii aUwuU lu^ Asiualijdei- is important, 'In 
arithmetic we wei-e ^iw^^o .... leiMj Lw ai-i^y uut ^.ur division until 
the remainder wa^ ie^^i LUL^ii liic. aivi j.^i iiucii dividliig polyno^ 
mlals we shall cuntliniM IU0 pru eo^ untii Lhc aagree uf the 



remalndei' is i^^s 11 

ble In Liic p lyi 
In a aompauL iv.^iii i.. 

Dl vl aui 



1 u i 



Hit, . tJ^rgjt^aL a/i,pwii^nt uT una 
*i . i,^ j^A^iiipi^^ when wi'ltt^^ii 



3x f A 



.1 . 
2], 



Oa 



2 

>X t A 



,i 1 the ..... .. ^ , , 



s e c u 1 1 1 d ^ I t. . , i 



i 



! i 
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ExQrclBas 9 _ 9, < . „ ' 

Do the following divisions of polynomials, writing youp' 'work In 

the compact form shovm a^ove. Be "sure that the degree of the 

remainder .Is less than the aeg-ree of thje divisor. For problem 

1, write the "work also In the detailed rofm shown in the example 

^explalniiig each atep ua ^/uu ^'pi uoecd jlh pai-.t j t-uiai,', pulnt out 

every tlflie you use the ai aLi n,,.Ll vu 

' ' ac^ - kx '+ 3 
1- X - S 



2. 
3. 

4 . 

5- 
6. 

7 . 
8. 

9. 

10, 

11 

12. 



4x _ 4x _ 1 




Sx-^ + 7x^ 



..^ 3x - 1 




3 , 2 
X - Jx I 
— g — _^ _ . 

x ' - 2x ^ ^ 1 
^ k2 ... 3 



x . + 2 

/x^ + 2 
:3x3 + Yx' 



3x + 



^ - 3x _ X t 
-"^ 



... . i . . . . ^/ OU ^ , i i • , i '111 tl 1 e 



^ 2 
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9 -10. RevlevJ Exercises . 
' In problems 1 through 3, olinylXl'y ine given 
exppeBSions . . 



2 vT5 + 3 vTa - 



1 



3 V 6a 



3f S/ (x + y)3^ 

In problems k throu^ii c,, i, 

the resulting expreaaiun 

H. 2V3 (2 = v^) 

5. ( + n/S)'^ 

6. ( n/^ + 1)( v^x , > 
In problems 7 throU(in j, 

over the Integei'u, If pwt . 1 bi c 

- 'i.i 

S 



7. 
8. 

9. 

10. 
11 . 



12. Oa . X^j^ , i 



i J 

14. V 
i6. 



1 
3 



^iiiipiii'y 



pplynomlai x + kx + i t £ 
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9-10 



,17- . For what positive integral values of k is the 

• 2 - 

polynomial +■ 6x + k factoralDle ovei' the integers? 
In protilems l8 ^through 21^ aimpiiX> tht ^iv^n yiiL-a-^m^ . 



18, Determine the value at k su thai x' 

■ 

perfect square. 



3x f k Id a 



19. 



20. 




20a b 




3^3 ' 



11. 2 



21 . — ?3 — ^ t ■ 



22. 



andi oheck? 



JA f i 'I A . 



a:3. 



X +' 1 



given ^ciiUeiiCtf 



9-10 



27. 

2a. 

29. 

30. 

31.. 

32. 
33. 
34. 



JL *_ J. ^ i 

y - 5 y . 

X + g X - 1 
X + 1 X 4- 2 

5 20 



0 



n - 3 n - 9 
1 



[x - 3 1 



Y 



4x^ -243 



|x|2 + |x| . . . 

equation or 1 Lit^quu 1 1 i ^. 
truth act or tiie c.^^^ii i. 



3&, 
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3b. 



•Vi i ^ 5^ ' 

^ u b b 1 1 L V , L ^ . i . i ' t ' . i - w u \ «^ 

i . UU pel- p., lid u i 

^ U k4 1 i U i L Li.'. . . . i . . . , J 



n . 1 Gill XilLu ari = 



rou i . , 

in i ui'^dc^r and L-aqulL^ad 



1 I 



i. i 1 i .1^ 

. J 1 . i ^ . ^ I 1 ^Hj ^ C X* 

s 



A luu gallon uontainer is testea and round to contain 15 
salt. How mu0h of the, 100 gallons ^should be withdrawn and 
replaced by pure water tu make a lu solution? 
A jet travels 10 times, as fast as a passenger train. In 
one hour ,the jet will travel i So miles further than the 
passenger traj.n wi^l gu in b huui*a What la the rate 
the Jet? Thm tr^in? 

Two trains 16q mllas apai t lluvci L,../4^i*da eauh uther, ' One. 
is traveling ^ as ra^i iii^ ^th^i-. \nmt 1^ the rate 

of each if they meet in j iiwuis and I'd luliiuteo? 
A man make^ a ti ip ./i j^jk/ mi it;a ai avei-ag^ speeu of jO 
miles per h^ui^ uud rfc* ^t... .4\ ^ ui^^^ ^pe^a wf 20 nill^^ 

per hour, '//haL wa.. hio ^v^ia^^ ^.^^ssj fu. th^ c^raire trip? 
Generalising pr.-Ulet.. ^uk u liiaii maiic^ a ti lp .jf d lal 1 es ^ 
a L 1 i a y i (J ^ ^ I . u X. t I i J 1 ^ . 4.^4 J . . M 4 i' a u - i i ^ t u r n s at ^ 1 1 
average i-atc i q . - ^ i... i , wiiat nls average 

i*at e f w J.- Lh w 1 , 1 i t . ^ ' ^ 1 ' 

The ^um wf li t. 1 , ,1 , , i . 

. Wha L a i I t . , . * 

182 ^ 

3 

Find tn^ a . . I ^- = ■ . - 

• r 

The square wi a a, 1^ su.. . i,,,^*^ Liie 

^et 

.Orte automobli^ i , , iii i ii^ur 

less tnan a secufid ^ ^ h . 1' ui dljwei tkan 

the first', ' ' ^ ^ 



^ Find the .rate of the two automobl i^d . 

A rug wj^th area of 2^^ squar-e yards 1^ pieced in a room 

1^^ feet by 20 feet leaving a unii"uA^ni 'wi.dtii di^wund the rug. 
, How v^ide is the strife around the rug? A sketched diagram o 

tha rug upon the floor may help yuu represent algebraically 

the^^length and v/ldth of tne i-ug. 

One leg of a right i. 4.. luu^iG ji ^ ^ l^^u kas^rm than twice the 
^Bmaller leg. The hyputeu.ude lu ij feet, V/hat are the 
-lengths of the i^^sv r ^ ^ . 

' Tell ^/hlch of th&^m 11111111^01.^ u^-^ it^Liun^i^ 



( Optl cyngi ) if uw o u A ti ^ ' 

the I'sjuu 1 liU . I '4* 
is Li*ue 

( Optioned J ; ,,ii,p^^f 1 



{ s 



L uh^ i'ui^iu lOt + u is 

r^i-. ioT //hAuM tills 



' 1 



{uyK. i ....... 1 ; . ^ 

( Opt iitffll 1 ) ^ h^ i dt 



the hau^^ - 




pLl ohaa'^ -^^4^mer i.-^ ^ 



cuw^ ut fp2S:^ - If' 5^L^u 



entire 



i b bH '- ' 



. I .nt. '.il i i they 



4. 



.1 , ..i 



1 »j i 



1 1 



■ ''S ■ 
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